OCTOBER MEETING IN BERKELEY 


THE FORTY-SEVENTH REGULAR MEETING OF 
THE SAN FRANCISCO SECTION 


The forty-seventh regular meeting of the San Francisco 
Section was held at the University of California on Saturday, 
October 31, 1925. The chairman, Professor E. R. Hedrick, 
presided at the early part of the meeting, the chairman-elect, 
Professor Blichfeldt, at the later part. The total attendance 
was thirty-two, including the following twenty-six members of 
the Society: 

Alderton, Bernstein, Blichfeldt, Buck, Cajori, Corbin, M. W. Haskell, 
E. R. Hedrick, Hotelling, Frank Irwin, Lehmer, Sophia Levy, Libby, 
McCarty, E. K. W. McDonald, J. H. McDonald, Moreno, F. R. Morris, 
Noble, Pehrson, T. M. Putnam, Schmiedel, Pauline Sperry, Stager, 
A. R. Williams, Wong. 

The election of officers for the coming year resulted as fol- 
lows: Chairman, Professor H. F. Blichfeldt; Secretary, Pro- 
fessor B. A. Bernstein; Program Committee, Professors 
E. T. Bell, E. R. Hedrick, W. A. Manning, B. A. Bernstein 
(ex officio). 

The resolution adopted April 4, 1925, requiring that the 
retiring Chairman deliver an address before the Section, was 
rescinded, and a motion was passed empowering the Program 
Committee to invite a member to deliver a paper at length at 
the October meeting of the Section. 

The Spring meeting in the Northwest will be held at the 
University of Washington on June 12. It was decided to hold 
the next Fall meeting at the University of California on 
October 30, 1926. 

Titles and abstracts of papers read at the meeting follow. 

1. Dr. Harold Hotelling: Multiple-sheeted spaces and 
manifolds of states of motion. 


Let two sheets of a 3-space covering a space of inversion join along a 
twisted strip. If a tore T in one sheet be deformed through a non-singular 
set of positions of which the strip, counted twice, is one, into a tore T’ in 
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the second sheet covering T, then the transformation of T into T”’ is 
determined topologically by the amount of twist in the strip. Using such 
transformations the author shows how to find covering spaces which are 
homeomorphic with manifolds of genus one. As a second application, he 
finds simplified covering spaces which represent manifolds of states of 
motion. 
2. Dr. Harold Hotelling: Solution of a problem proposed 
by Keynes. 
If the probability of a successful trial be taken as the number of past 


divided by the number of past trials, then the probability after 


a successes and 6 failures t ir 7 further trials there will be p successes 


and g failures is not, onx ; d, given by Bernoulli’s theorem, but 
by a certain function (p, qg), where 6(p, —1)=¢(—1, p)=0. The problem 
is raised by Keynes (A Trealise on Probability, 1921, p. 351). The author 


the solution and the exact form of ¢(p, q). 


Dr. Harold Hotelling: Two generalizations of the Pear- 
elation coefficient. 
Che correlation coefficient may be written 

where g;; =0 if ij, gi: =1, summation is denoted by the repetition of an 
index, and 5x‘ and éy' are the deviations of the observations x* and y‘ from 
their respective means. The author gives two generalizations of this coeffi- 
cient: one generalization is to allow g;; to take arbitrary values; the other 
is to remove the restriction on 6x‘ and dy’. The first is a part of the gen- 
eralization of the theory of errors and least squares which arises when the 
sum of squares is replaced by a general quadratic form. This is applicable 
when (as is usually the case) the observations are not strictly independent 
in the probability sense. The question of validity of certain very important 
tatistical methods depends upon determining the distribution of this . 

slized r in a certain curved hyperspace. The second generalization is 
applicable for example in biometrics, where it is more rational to take 6x* 
as a deviation of a character from the mean value for a whole population, if 


this is known, than from the mean of the sample. 


r. Harold Hotelling: Mixed multiple-partial correlation. 
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(Mexico, 1757), in which a novel and very specialized use is made of the 
left hand in determining the dates of movable feasts, for any year in the 
Gregorian calendar. 


6. Professor J. H. McDonald: The reduction of abelian 
integrals of genus 2. 

If an abelian integral is given it is not possible, in general, to determine 
whether it is reducible or not. If the integral is of genus 2 and reducible it 
is known that the sextic must satisfy one of an infinite number of condi- 
tions which are algebraic. The decision as to reducibility must depend on 
the formation of these conditions since it is not possible to determine the 
linear relations between the periods, which exist in the case of reduction. 
The algebraic conditions referred to seem to have been found only for 
the cases where the transformation effecting the reduction is of order 2, 3, 
or 4. They are here found for a transformation of any order by a method 
which consists in constructing the reducing substitution by evaluation of 
certain integrals of the third kind. If the reduction is possible recurrence 
must exist between the results found from which the required condition 
for reducibility is deduced for any particular order by a uniform process. 
The form of the transformation reducing the second reducible integral, 
which is known to exist, is also found at the same time. 


7. Professor D. N. Lehmer: On the construction of factor 
stencils. 


This paper will appear in full in the present issue of this BULLETIN. 


8. Professor H. F. Blichfeldt: The minimum value of posi- 
live quadratic forms in seven variables. 

In the present paper the author concludes his investigations on the 
minimum values of positive quadratic forms in n variables (cf. this BULLE- 
TIN, vol. 31 (1925), p. 386). The absolute minimum of a quadratic form 
of determinant D in 7 variables, for integral values of the variables, is found 


to be V 64|D|. Approximate minima of forms for 2>7 are deduced. 


9. Professor T. M. Putnam: A proof of the second mean- 
value theorem. 


The author shows that the second mean-value theorem is obtainable 
from the first mean-value theorem by integration by parts. The theorem is 
proved for the case where one function is monotonic in the interval and 
the other possesses a derivative. The second mean-value theorem thus 
appears in this case as a direct corollary of the first. 


10. Professor M. W. Haskell: Felix Klein. An appreciation. 
This paper will appear in full in an early issue of this BULLETIN. 


A. B. BERNSTEIN, 
Secretary of the Section. 
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THE COLLOQUIUM PUBLICATIONS 


Phe Council of the American Mathematical Society has 
adopted an extension of its policy with regard to the Collo- 
quium series of publications, and has appointed the under- 
signed editorial committees to initiate this extension of policy. 

In the past the Colloquium lectures have been given by 
lecturers invited for the purpose by the Council and the books 
published in the Colloquium series have been reports of these 
lectures. In the future it is intended to continue this plan 
unaltered but also to include, if possible, in the series a number 
of monograpls and expositions of new mathematical develop- 
ments which may be submitted by their authors on their own 
initiative without special invitation from the Council. The 
committee will, therefore, be glad to consider manuscripts 
which will occupy not more than 200 pages in book form. 
When suitable occasions of the nature of colloquia or symposia 
present themselves, the authors of accepted manuscripts may 
be invited to present their results in the form of lectures or 
series of lectures at meetings of the Society. The final accept- 
ance of any manuscript and the appointment of any lecturer 
must, in each case, be confirmed by the Council of the Society. 


Up to the present time six volumes have been published in 


> series of colloquium publications. Future volumes will be 


hed in the order of acceptance of the manuscripts in final 
1 for publication, and each monograph will be bound sepa- 
instead of in a volume with the lectures of other Collo- 
eretofore. 
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WESTERN CHRISTMAS MEETING 


THE WESTERN CHRISTMAS MEETING OF THE 
SOCIETY AND THE MEETING OF THE 
SOUTHWESTERN SECTION 


The twenty-fourth Western meeting of the Society with 
which was combined the eighteenth regular meeting of the 
Southwestern Section was held in Kansas City, on Tuesday 
and Wednesday, December 29 and 30, 1925. The total 
attendance at the meeting was about 140, and included the 
following 103 members: 


E. F. Allen, E. S. Allen, F. E. Allen, Archibald, G. N. Armstrong, 
Ashton, Atchison, R. W. Babcock, Wealthy Babcock, F. L. Black, Brenke, 
Cairns, Cajori, Calloway, A. D. Campbell, Carmichael, C. C. Carter, 
Chittenden, Coolidge, Court, Crathorne, Daniells, Dederick, De Long, 
Denton, E. L. Dodd, Dresden, Dunkel, Edington, Epperson, Everett, 
Feltges, Fields, Finkel, Fleet, Focke, Gaba, Garrett, Gerst, Gorrell, 
Gossard, Gouwens, Harshbarger, Hassler, Hazlett, E. R. Hedrick, Hilde- 
brandt, Horton, J. C. Hughes, Huntington, Hyde, Byron Ingold, Louis 
Ingold, Dunham Jackson, Jamison, E.H. Jones, H. E. Jordan, Kline, Laves, 
F. P. Lewis, Lubben, Luby, Lunn, William Marshall, H. H. Marvin, 
J. V. McKelvey, Mirick, U. G. Mitchell, R. L. Moore, Mossman, F. R. 
Moulton, Muehlman, Murnaghan, Osborn, Pennell, Pettit, E. C. Phillips, 
Pierce, Pierpont, P. E. Remington, Rider, H. L. Rietz, Risley, Roever, 
Rosenbach, H. E. Russell, St. John, Sellew, Shively, Sisam, E. R. Smith, 
G. W. Smith, I. W. Smith, Stafford, Stouffer, Stowell, J. S. Turner, Wait, 
R. A. Wells, J. J. Wheeler, F. M. Wright, Wyant, J. M. Young. 


This meeting was held in conjunction with the meeting of 
the Mathematical Association of America and in affiliation 
with the annual meeting of the A.A.A.S. Of the numerous 


lectures and papers presented at general sessions and before 
the various Sections of the A.A.A.S., of interest to mathe- 
maticians, no mention can here be made except for the sympo- 
sium on relativity held before the Physical Society on 
Wednesday forenoon and the address of Professor D. C. 
Miller as Retiring President of the American Physical Society 
on The ether-drift experiment, its history and significance. 
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The forenoon and afternoon of Tuesday were used for the 
reading of the papers listed below. For this purpose the meet- 
ing was divided into two sections: During the forenoon the 
Section on Analysis, presided over by Vice-President T. H. 
Hildebrandt, heard the papers numbered 1 to and including 
14; at the same time the papers numbered 15 to and including 
23, and also number 43, were presented before the Section on 
Algebra, where Professor Carmichael, relieved by Professor 
Stouffer, occupied the chair. In the afternoon came the 
Section on Point Sets (papers numbered 24, 25, 26, 27, 28, 42 
and 44) which was presided over by Professor R. L. Moore, 
Chairman of the Southwestern Section, relieved by Professor 
Hildebrandt, and the Section on Geometry, Mechanics and 
Applied Mathematics (papers numbered 29 to and including 
41) in which Professor Dunham Jackson took the chair. The 
papers by Bennett, Camp, Coble, Davis, Ford, Ingraham, 
Kryloff, Nowlan, Shohat, Swingle, and Wilson were read 
by title. Mr. Messick and Professor Kryloff were intro- 
duced to the Society by Professor Dresden; Messrs. Whyburn 
and Cleveland by Professor R. L. Moore, who also read their 
paper; Mr. Swingle by Professor R. L. Wilder, and Mr. Goff 
by Professor Carmichael. 

On Wednesday forenoon a joint meeting was held with 
Section A of the A.A.A.S. and with the Mathematical Asso- 
ciation of America under the chairmanship of Professor W. H. 
Roever, Chairman of Section A. The program for this meeting 
consisted of two papers: one on The IIeine-Borel theorem and 
allied problems, by Professor T. H. Hildebrandt, who has 
completed his term of office as Vice-President of the Society; 


the other on The 


ilegebraic numbers and division, by Professor 


J.C. Fields, the retiring address of the Chairman of Section A. 


Professor Hildebrandt’s paper will appear in full in a later 


number of the BULLET 
A noteworthy feature of this meeting was the Third Josiah 
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be published in full in an early issue of the BULLETIN, no 
further account of it will be given here. The speaker and the 
Local Committee on Arrangements must have felt well repaid 
for their work when they saw an audience of little less than 
one thousand persons assembled to hear this lecture. The 
speaker was introduced by Professor E. R. Hedrick. 

A very pleasant occasion was the joint dinner of the mathe- 
matical organizations at the City Club on Wednesday evening. 
One hundred twenty-seven persons were present. The toast- 
master, Professor F. R. Moulton, and Professors Hedrick, 
Pierpont, Hughes, Carmichael, and Coolidge, who were 
called upon to speak, contributed greatly to the success of this 
function with which the meeting of the Society was brought 
to a close. A resolution was adopted expressing the apprecia- 
tion of all those present to Professors Luby and Stouffer and 
the other local members of the Committee on Arrangements. 
The Mathematical Association of America continued its 
sessions throughout Thursday. 

Professor Carmichael reported for the Committee, appointed 
by the Council to arrange for a symposium iccture at the next 
April meeting of the Society at Chicago (April 2 and 3, 1926), 
that Professor Dresden would speak on recent work in the 
calculus of variations. 


1. Mr. C. A. Messick: A new method of determining Ber- 
noulli’s numbers. 


The methods for determining Bernoulli’s numbers seem to belong to 
two classes, one depending on successive differentiation and the other on 
multiplication of infinite series. The new method is of the second class. 
The expansion of x/(e7—1), which has the Bernoulli numbers for coeffi- 
cients, is multiplied by the expansion of ¢iz +¢-i2]/2ix; 
the product, sin x, is also expanded into a power series. Equating of coeffi- 
cients leads to four equations. From one, the Bernoulli numbers of odd 
index can be computed, from another, those of even index; the remaining 
two equations supply a numerical check. The advantage of the method lies 
in the fact that in the equations here used there are only half as many terms 
as there are in the equations now in use, so that the arithmetic is much 
simpler. 

An expansion for sin x is also obtained in terms of Bernoulli’s numbers, 
which is believed to be new, 


| 
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2. Professor J. A. Shohat: Asymptotic expression for 
Jacoli’s polynomials derived from a finite-difference equation. 

The difference-equation for Jacobi’s polynomials corresponding to 

1,1) can be written as follows: = 
+T,.(x)!, (221), and gives the asymptotic expression of 
T,,(x) (for m very large) by a method similar to that of Liouville (JouRNAL 
DE MatHEMATIQUEs, vol. 2, 1837) and capable of extension to more 
general classes of Tchebycheff’s polynomials. The method has some con- 
nection with that given by W. B. Ford (ANNALI pt MaArematica, (3), 
vol. 3, and TRANSACTIONS OF THIS SoctETy vol. 25, No. 3). For, Jacobi’s 
polynomials we use Stekloff’s results that 2"-!!7,,(x) |=(4/n)O inside of 
(—1, 1) (Memorrs oF THE Russian ACADEMY OF SCIENCE, 1917). 

3. Professor P. R. Rider: The analysis of a U-shaped fre- 
quency distribution. 

In graduating a U-shaped frequency distribution, Pearson has been 
ible successfully to employ his curve of Type I. It would seemingly be im- 
possible, or at best extremely unsatisfactory, to fit a curve by the method 

f Charlier to a distribution of this form. In the present paper, the author 
has fitted a U-shaped distribution by means of two component Charlier 
curves of Type B. The fit is better than that obtained by Pearson’s 
method and the computation involved is very considerably less. 


4. Professor E. L. Dodd: On certain averages in periodogram 


analysts. 


Let Av(m) denote the limit of the average of consecutive terms in an 
infinite sequence. An addition theorem is proved for trigonometric series. 
This is applied to periodogram analysis where s variates are arranged in k 

umns to test for a period of k/l, with k/1=2zx/0. It leads to the con- 
leration of a triangular array of products, with mm4, in the (¢+1)th row 
(r-+1)th column, where t+r <n, the number of variates available. 
le averages of these columns may be called graduated values of 1% 


it periods are left invariant, while amplitudes are squared 
lifferences at the origin are obliterated. 


or E.V. Huntington: Sets of independent postulates 


lypes of means. 


yur types of means or averages considered in this paper are the 


arithmetic mean, the geometric mean, the harmonic mean, and the root- 


mean-square. The postulates presented are the conditions which a function 


of n variables, f(x;, x2, - - + , Xn), must satisfy in order to coincide with one 


or another of these means—several sets of independent postulates being 
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6. Professor O. Dunkel: The alternation of the nodes of 
linearly independent solutions of second order differences equa- 
lions. 


A solution u(n) of the difference equation u(m+2)=A(n)u(n+1) 
—B(n)u(n), B(n)>0, is plotted against the integral values of m and the 
points so obtained are connected by segments of a straight line. The points 
where this broken line cuts the x-axis are called the nodes of this solution. 
Proofs of the theorem that the nodes of two linearly independent solutions 
separate one another have been given by Porter, ANNALS OF MATHE- 
MATICS, (2), vol. 3, 1901-1902, p. 65, and by E. J. Moulton, Ibid., vol. 13, 
1911-1912, p. 137. A more direct and simpler proof of this theorem is here 
given by writing the two functions of x which give the heights of the two 
broken lines. The wronskian of these two functions is then easily shown 
to retain the same sign, and from this fact the theorem then follows by 
the reasoning usual for the similar theorem in differential equations. 


7. Professor W. C. Brenke: On the summability of a class of 
series of Legendrian polynomials. 


In this paper the author proves the following theorem: The series of 
Legendrian polynomials 2g a,X,, is summable (C1) if the coefficients a, form 
an arithmetic progression. The value of the series is (3a)—a;)h(x) where 
h(x) is the sum of a uniformly convergent series of Legendrian polynomials 
and is independent of the coefficients an. 


8. Professor L. S. Dederick: Successive derivatives of a func- 
tion of several functions. 


Bruno’s formula for the successive derivatives of a function of one 
function is here generalized to a function of several functions. An algebraic 
property of the new formula is then developed by which any product of 
higher derivatives of the inner functions occurring in the total derivative 
of one order is shown to have a coefficient (involving only first order 
derivatives) which is simply related to those terms of a previous total 
derivative involving only first order derivatives of the inner functions. 
Certain theorems are then derived which are useful in the study of higher 
singularities of transformations of two variables. 


9. Professor L. S. Dederick: Classification of singularities of 
transformations of two variables. 


This paper deals exclusively with what are strictly point singularities, 
i.e., those characterized by the values of a finite number of partial deriva- 
tives of the defining functions at one point. The classification is based 
mainly on the transformation of the ordinary derivative and proceeds 
according to three indices. The first is the order of the lowest non-vanishing 
partial derivative of the defining functions. The second is the number of 
linear factors common to numerator and denominator of the transformed 
first derivative. These depend only on the transformation and the point 
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considered. At any singular point there may be any number of critical 
slopes, not exceeding the value of the second index. For each of these there 
is a third index depending on the number of orders of derivatives having 
critical values. These indices are all invariant under non-singular trans- 
formations of either pair of variables. Singularities having the same values 
of all three indices, however, are not in general equivalent under any non- 
singular transformation. 


10. Professor Dunham Jackson: On tensors of the second rank 
in function space. Preliminary communication. 


If f(s) isan arbitrary function in an interval (a, b), ¢(y) a given function 
of its argument, and K(x, s) a given function for a<x<b, a<s<b, suitable 
hypotheses of continuity being imposed in each case, the expression 
(x) (x, s)¢l(f(s)]ds may be regarded as defining a vector point- 
function in function space. If [u:(x)], [v4(x)] are two complete orthogonal 
systems on (a, b), and if 


j(x)= = (x) = DA iu,(x)= (2), 


purely formal manipulation indicates that the derivatives 0A;/da;, OB, /db; 
are related by the equations of transformation appropriate to a tensor of 
the second rank. The invariant resulting from the contraction of the 
tensor is the “divergence” to which reference has been made in recent 
communications to the Society, while the tensor itself is related to the 
notion of curl in ordinary vector analysis. The present paper carries 
through the proofs of convergence that are needed to supplement the 
formal calculation, under hypotheses which are very highly specialized, 
but still retain a significant degree of generality. The tensor property is 
found also in a variety of other cases, including some for which the diver- 
gence is not defined. 


11. Professor N. Kryloff: On a method for the approximate 
integration of differential equations. 


The author discusses the approximate solution of the differential system 
(1): L(y) =y''+A(x)y=f(x); »(@) =y(b)=0, by the method of least 
squares based upon the minimizing of the integral L{Lo) ~f(x)} dx, and 
proves that the approximating functions y,, tend towards the solution y of 
the system (1) in virtue of the inequality |y—yn | < (b—a)*? V és where 
«m0. He also shows that y’,, tends toward y’ and determines the order of 
magnitude of |y’—y’,| and of |y—ym| according to the restrictive condi- 
tions imposed upon A(x) and f(x). The method can be applied to systems 
more general than (1) and is of importance for practical applications. 


12. Dr.C.C. Camp: A method for accelerating the convergence 
in the process of iteration. 


If the convergence of the sequence of iterated values from fi(x,) = 
fo(xe_1) is ““exasperatingly slow,” a third value x;,; may be found by the 
formula in which (xx). This 
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amounts to an interpolation or extrapolation suggested by the approximate 
relation between the increments of x, and x,_:. The substitution of x; for 
xz-, in the numerator of m not only simplifies it but probably leads to a 
more powerful convergence still. Geometrically the value x:,; is found 
from the intersection of a tangent and a secant, respectively, for the curves 
y=fi(x) and y=f2(x). The tangent is drawn at x =x; on the former and 
the secant at x =x,_; on the latter with the slope f4 (xz). Although it differs 
in two important particulars from Newton’s method, the new formula is 
more direct and, curiously, has as great and probably a greater power of 
diminishing the number of approximations needed. The author is extend- 
ing the method to systems in two or more unknowns. 


13. Professor H. T. Davis: Asymptotic solutions of linear 
differential equations of infinite order with constant coefficients. 


This paper generalizes work of F. Schiirer on non-homogeneous linear 
differential equations of infinite order with constant coefficients by con- 
sidering the case where the given function is expressible in a Laurent series. 
The method of inverse operators is used to obtain a formal solution which 
is, in general, divergent. This expansion is then shown to be the asymp- 
totic representation of the solution of the equation and Borel’s method of 
summation is employed to obtain its integral form. Such equations as 
u(x-+-1) —u(x) =1/x are easily solved by the method of this paper. 


14. Professor T. A. Pierce: An approximation to the least 
root of a cubic equation, with application to finding units in 
cubic fields. 

This paper gives a method for approximating the least root of a cubic 
equation. The method is somewhat similar to Bernoulli’s method of 
approximating the greatest root of am equation. Application is made to the 
problem of finding units in certain pure cubic number fields. 


15. Professor F. S. Nowlan: Representation of integers by 
certain ternary cubic forms. 


This paper will appear in full in an early issue of this BULLETIN. 


16. Professor N. R. Wilson: Integers and basis of a number 
field. 


The existence theorems of the standard theory of algebraic numbers do 
not always lead to very practicable methods of computation in individual 
cases. Such methods of computation form the main subject of this paper. 
It is first shown that the field can be expressed in terms of a special finite 
set, named maximal reduced integers, the set combining easily into a basis. 
The usual theorems about a basis and a theorem connecting the discrimi- 
nants of the field and defining equation follow as corollaries. Certain 
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other relations to facilitate computation are then obtained, the whole 
illustrated by application to the general cubic. 


17. Professor O. C. Hazlett: On formal modular invariants 
for the general binary form with respect to GF(p"). 


This paper considers the general binary form of order m and its formal 
modular invariants under the total linear group with coefficients in the 
general Galois field. It is proved that a formal, modular invariant of 
f(a; x) is congruent to a polynomial (or root of such a polynomial) in the 
algebraic invariants of any m-+1 forms of the system consisting of f(a; x) 
and certain related forms f(a?”; x), f(a"; x),and the modular invariants of 
the total linear group on the m+1 a’s. This suggests dividing formal, 
modular invariants of f into m+1 classes. Then simple annihilators for 
formal, modular invariants of each class are found, which are consistent 
with the complicated annihilators for the general formal, modular in- 
variants of f obtained by Dickson for special cases. Since any algebraic in- 
variant of a system of forms, f, g, - - - , isan intermediate invariant of f+kg 
+--+, we havea general method of obtaining from the algebraic invari- 
ants of f the formal modular invariants and covariants. In particular, we 
obtain the formal modular invariants of three or more pairs of variables 
from the formal modular invariants of two pairs for the general Galois field. 


18. Professor E. B. Stouffer: A simple derivation of Kro- 
necker’s relation among the minors of a symmetric determinant. 


Kronecker’s linear relation among the minors of a symmetric deter- 
minant has been proved in several ways. In the present note Professor 
Stouffer derives the relation in a very simple and elementary manner by 
the use of certain differential operators. 


19. Professor J. S. Turner: Rational triangles in which one 
angle is a rational multiple of another. 


In a former paper, a method was given for finding the relation between 
the sides of a triangle ABC when A =nB, where 1 is rational; and the com- 
plete integral (and also rational) solution was given when n =2, 3, 4, 5, 3/2. 
In the present paper, a geometric method of solution is described, and the 
complete solution is given when n=//m, where 1+-m=7 or 8. 


20. Professor C. H. Sisam: On the quinquenary cubic ex- 
bressible as the sum of seven cubes. 


It is well known that a cubic in five variables can be expressed as the 
sum of seven cubes only if a certain invariant vanishes although a crude 
counting of constants seems to indicate that this restriction is unnecessary. 
The purpose of this paper is to determine this invariant explicitly and to 
study some properties of the cubic varieties for which this invariant 
vanishes. 
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21. Professor W. E. Edington: Groups generated by operators 
whose transforms are equal in pairs. 


If a set of m independent generators is subjected to the condition that 
for every pairs; sjsj=S;  SiSj, ij, 1, 7=1, 2, -, m, the orders of the 


generators will be equal, say m,and Sis; ‘Si = (sis; where (k+1)"=1, 
mod (2k+1). This last condition is satisfied only when 2k +1 is a divisor of 
2"—1. For two generators the groups are of order n(2k+1) and one or more 
groups exist for every value of m>1. For three generators when n is even 
and 2k+1=2/+1=3, the groups are of order 3ma?, a=2,3,---. For m 
generators, m>2 if 2k+1=2/4+1= --- =2"-!—1, the order of the groups 
generated is n(2k+1) , provided a special commutativity assumption is 
made. The theory of the generators as substitutions is developed so that 
the generators for any of the desired groups may be written down, thus 
proving the existence of the groups. 


22. Professor M. H. Ingraham: Note on the extension of 
groups to obtain nth roots. 


In this paper the following theorem is proved. For every group G there 
exists the group G; containing a subgroup isomorphic with G, and such 
that for every integer m and element g;; in G, there exists an element gi: in 
G,; such that = £11. 


23. Dr. R. G. Lubben: Concerning the separation of point 
sets by curves. 


In this paper the author proves the following theorem. If K and H are 
bounded continua having in common a totally disconnected point set 7, 
then a necessary and sufficient condition that there exist a simple closed 
curve containing T which separates H —T is as follows: If P isa point of T 
and C is a circle with center at P, there exists a circle C; with the same 
center, such that if x and yareany two points of H—T from K—T within 
C, there exists a simple continuous arc within C which contains x and y, but 
no point of K; and similarly, if z and w are two points of K—T within 
Ci, there exists an arc within C containing them but no point of H. 


24. Mr. G. T. Whyburn and Mr. C. M. Cleveland: A 
characterization of certain domains by properties of their 
boundaries. 


The following theorems are established: 

I. A domain D has property S(R. L. Moore, FUNDAMENTA MATHE- 
MATICAE, vol. 3, p. 232) if, and only if, (a) every maximal connected subset 
of the boundary of D is a continuous curve, (b) there are not more than a 
finite number of these continuous curves of diameter greater than any 
preassigned positive number. 

II. A domain D is uniformly connected “im kleinen” with reference to 
every one of its bounded subsets, if and only if, (a) every maximal connected 
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uundary is either a point, a simple closed curve, or an open 
eing any simple closed curve and e a positive number, there 


1 


inite number of maximal connected subsets of the 


D which have points within J and are of diameter greater 


ill. A bounded domain D of connected boundary B becomes uniformly 


connected im kleinen upon the addition of a point O if, and only if, (a) 
every maximal connected subset of (B—Q) plus O is a simple closed curve, 
b) there are not more than a finite number of these curves of diameter 


greater than any preassigned positive number. 


25. Professor R. :. Moore: Indecom posable continua. 


It is shown that various internal properties of all bounded continua that 
ontain no subsets separating the plane are also properties of every bounded 
indecomposable continuum which does separate the plane into just two 
domains and which is the boundary of each of these domains. In particular, 
it is proved that if M is either (a).a bounded continuum no subset of which 
separates the plane, or (b) any indecomposable bounded continuum (whether 
it separates the plane or not) and G is a countable number of subcontinua 
of M no one of which separates M, then M is not separated by the sum of 
all the continua of the set G (in case M is an indecomposable continuum 
the hypothesis that no element of G separates M is always satisfied). The 
author raises the question whether there exists an indecomposable con- 
tinuum which separates the plane but which is in one to one continuous 
correspondence with some one which does not separate the plane. 


26. Professor E. W. Chittenden: On the classification of 
points of accumulation in the theory of abstract sets.  Pre- 
liminary communication. 

In the theory of abstract sets the points p of accumulation of a set E 
fall into two classes: those with the property that every neighborhood of 
p contains a point of E distinct from p as an interior point, and those for 
which this condition is not satisfied. The points of the first kind will be 
called proper points of accumulation, those of the second, improper. The. 
paper considers the fundamental properties of abstract sets in relation to 
this classification. 


27. Mr. P. M. Swingle: An unnecessary condition in two 
theorems of analysis situs. 

R. L. Moore (TRANSACTIONS OF THIS SOCIETY, vol. 17 (1916) pp. 131- 
164, Theorem 48) has shown that the following theorem of Schoenfliess 
(GOTTINGER NACHRICHTEN, 1902, p. 185) is true in a space S satisfying his 
set of axioms 2;: if K is a closed, bounded point set such that S—K =S,+S2 
and (1) if every two points of S; ({=1, 2) can be joined by a simple con- 
tinuous arc contained in S;; (2) if every arc joining a point of S; toa point 
of S; contains at least one point of K; and (3) if every point P of S; (¢=1, 2) 


curve } 
t mn 
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and every point Q of K can be joined by an arc PQ such that PQ—Q is 
contained in S;, then K is a simple closed curve. J. R. Kline (TRANSAC- 
TIONS OF THIS SociETY, vol. 18 (1917), pp. 177-184) proved that if K isa 
closed point set such that S—K =5S,+5S2 where S; are unbounded and if 
conditions (1), (2), and (3) hold, then K is an open curve. In this paper it 
is shown that both these conclusions hold if condition (1) is omitted. 


28. Professor A. D. Campbell: Pencils of conics in the 
Galois fields of order 2". 


The author derives the classes of pencils of conics in the Galois fields of 
order 2”, and gives a typical pencil of conics for each class. He divides the 
pencils into four sets, as follows: those with double lines, those with no 
double lines but with real line pairs, those with no double lines and no real 
line-pairs but with conjugate imaginary line pairs, those with no degenerate 
conics at all. In these fields every number is a square and has just one 
square root; (ax+by-+cz)? =a’x?+-6’y?+cz?; and the discriminant of the 
general conic ax?+-by?-+cz?+fyz+gex+hxy =0 is fgh+-af?+bg?+ch?. There 
exist pencils like \x*-+-yy?=0 that consist entirely of double lines. 


29. Professor A. D. Campbell: Plane cubic curves in the 
Galois fields of order p", p>2. 


The author derives the different classes of cubic curves in the Galois 
fields of order p", p>2 and gives a typical cubic curve for each class. There 
exist both singular and non-singular cubic curves without real points of 
inflection, also cubics whose points of inflection have harmonic polars that 
cut the cubic only in imaginary points. The equations of condition for real 
points of inflection are derived; they differ according as p=3 or p>3. If 
p=3 a cubic curve can have at most only three points of inflection. Fur- 
thermore, peculiarities occur according as —1 is or is not a perfect square 
in the field, and according as the field does or does not contain non-cubes 


30. Professor R. D. Carmichael: Representation of the finite 
projective geometries PG(k, p") by means of abelian groups. 

This paper exhibits a representation of the finite projective geometries 
PG(k, p") by means of abelian groups of order p+)" and type(1, 1, 1, - - -), 
where p is a prime number. In this representation a selected set of sub- 
groups of order p" constitute the ‘‘points’” of the finite geometry. By 
means of this representation the main part of the theory of the finite 
geometries is translated into a corresponding part of the theory of Abelian 
groups. 


31. Professor R. D. Carmichael: Groups of isomorphisms of 
abelian groups of type (1, 1,1, -). 

By means of the marks of a Galois field a variety of analytical repre- 
sentations are given of the group of isomorphisms of Abelian groups of type 
(1, 1, 1, - - -) and of certain of its subgroups, in which certain previously 
known representations are included as special cases. 
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32. Professor R. D. Carmichael: Collineation groups in the 
finite geometries. 

Varicus subgroups of the general collineation group in the finite projec- 
tive geoinetries PG(k, p") are treated with special reference to the problem 
of constructing primitive groups. In particular, various classes of doubly 
transitive and of triply transitive groups are exhibited, which are con- 
tained as subgroups in the general collineation group. 


33. Professor Louis Ingold: Generalizations of curl and 
divergence. 

In this paper the curl and the divergence of a vector in three-dimensional 
space are expressed in invariant form by means of Maschke’s symbolic 
method. These forms are then extended to » dimensions. The list of ex- 
tensions includes (1) a series of forms C; analogous to the curl of a vector, 
and (2) a series of forms L; analogous to the Lorentzian of a tensor of the 
second order in four dimensions. The divergence of a vector belongs to this 
last series and may be denoted by Lo. In the case of special tensors which 
may be regarded as simple k-dimensional vectors of the space, it is found 
that the two series of operations are not independent. 


34. Professor Louis Ingold: Tensors and symbolic invariants. 


In Maschke’s symbolic method for representing invariants of a quad- 
ratic differential form A = 2g;;dx‘dx', the coefficient gi; is represented as a 
product of symbols ff; or equivalently as gig; or ¥i Yj etc. In this theory 
there are invariants in which certain symbols occur just once as factors 
in each term. In this paper it is shown that symbolic invariants of 
the form where the g!,---+, ¢* are distinct sym- 
bols, are tensors whose contravariant components are the Q™- 
The converse is also true. Other symbolic invariants contain derivatives of 
the eA These are not included in the usual tensor theory. The paper also 
contains an extension of Maschke’s fundamental theorem, which makes it 
possible to apply Maschke’s methods to a very general class of vectors and 
tensors. 


35. Dr. Theodore Bennett: Mapping by means of linear 
systems of curves invariant under Cremona involutions. 


This paper studies the mapping of pairs of copoints in the Geiser, 
3ertini, and Jonquiére involutions upon points of a plane or quadric. The 
map, J’, of the locus J of fixed points is the plane quartic, and the sextic of 
genus four on a quadric cone, in the Geiser and Bertini involutions re- 
spectively. In the Jonquiére involution of orders 2k —1 or 2k respectively, 
J’ is a curve with characteristic (2k—2, 2) on a quadric, or a plane curve of 
order 2k with a (2k—2)-fold point. Systems of contact curves and sur- 
faces of J’ are enumerated corresponding to systems of composite in- 
variant curves. In the Geiser involution the lines which carry pairs of 
coincident copoints form an envelope Fy, those joining pairs of copoints on a 
composite invariant curve form a contact envelope of E;. Thus the systems 
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of contact envelopes of E are obtained as the envelopes perspective to 
systems composite invariant curves. If quintics ofa pencil have six common 
double points and one simple point at seven points forming an Aronhold set 
of double points of a quartic envelope £, then the conics perspective te 
them form a quadratic system, and are contact conics of Fy. 


36. Professor N. Altshiller-Court: On two intersecting spheres. 


Generalizing a property of the plane (this BULLETIN, vol. 29 (1923), 
p. 442) it may be shown that the cone determined by the common circle 
of two intersecting spheres and a variable point on one of these spheres 
meets the second sphere again along a circle whose diameter is constant. 
The length x of this diameter is given by the proportion x:d=s:p, where d 
is the diameter of the common circle of the two spheres, s their line of 
centers, and the radius of the first sphere. 


37. Professor A. B. Coble: Double binary forms with the 
closure property. 


Two examples of double (3, 3) binary forms with the closure property 
have been given by Professor Louise Cummings. The grouping of the 
allied configurations is one that can be extended in two ways. It is the 
purpose of this paper to prove that these more general configurations are 
associated with poristic forms which in all cases are factorable. After the 
elimination of these somewhat degenerate cases, the (3, 3) form (ar)*(at)* 
is again considered and all the forms which close with a set of m ?’s and 
n 7’s are determined for values of n< 10. 


38. Professor L. R. Ford: On motions which satisfy Kepler’s 
first and second laws. 

This paper contains an investigation of central forces depending upon 
the distance and the velocity for which all orbits are conics with one focus 
at the center of attraction. The most general such force, ¢, is given by the 
formula F(¢r?, v?—2r¢) =0, where r is the distance of the body from the 
center of attraction, vis its velocity, and Fis an arbitrary function. Kepler’s 
third law can be replaced by any functional relation between the period 
and the semi-major axis and the force is thereby determined. 


39. Professor R. D. Carmichael: Transformations leaving 
invariant certain partial differential equations of physics. 

The generators are determined of the general group of point transforma- 
tions which leave invariant the partial differential equation of wave motion 
in k dimensions. A similar problem is treated in the case of certain other 
(and related) partial differential equations of physics. 


40. Mr. J. A. Goff: Transformations leaving the heat 
equation invariant. 


Employing the methods and results of the preceding paper by Professor 
Carmichael, the author determines the generators of the general group of 
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point transformations which leave invariant the heat equation in the case 


of a space of m dimensions. 


11. Dr. R.G. Lubben: The separation of mutually separated 
subsets of a continuum by curves. 


If 7 isa closed, totally disconnected subset of a bounded continuum K; 
if K =K,+K>, K, and Kzare mutually separated and have points x, and x2 
respectively, then there exists a simple closed curve J which contains in 
common with K only points of T that are limit points of K;, and which 
separates x, and x2. If the condition that K be bounded be removed from 
the hypothesis, a curve J exists, either a simple closed curve or an open 
curve. We have the following corollaries: If P is a cut point of a bounded 
continuum M, there exists a simple closed curve which contains only P 
in common with M, and which separates M—P; hence P is accessible 
from S— M, S being the set of all points. If the closed point set M is the 
sum of points belonging to an unbounded collection of continua, M= 
U,+ M2, where M, and M; are mutually separated point sets, x and y are 
points in Mf; and M; respectively, then there exists an open curve which 
separates x from y and contains no point of M. 


42. Professor O. C. Hazlett: Note on the arithmetic of an 
associative algebra over any algebraic field. 


This paper is an addendum to the author’s paper read befo.e the 
Toronto Congress, and (without using normalized units except for a nil- 
potent algebra or the notion of character) proves that if A is any associative 
algebra over any algebraic field, then the characteristic determinant for 
the general number x of A has the same irreducible factors as the char- 
acteristic determinant of the component of x in S, whose S is any semi- 
simple algebra contained in A. From this it follows that the arithmetic of 
A is associated with the arithmetic of S. 


43. Professor J. R. Kline: A characterization of continuous 
curves every subcontinuum of which 1s a continuous curve. 

The author shows that a necessary and sufficient condition that every 
sub-continuum of a two-dimensional continuous curve M be a continuous 
curve is that every irreducible continuum joining two distinct points A 
and B of M bea simple continuous arc from A to B. 

E. B. STOUFFER, 
Secretary of the Southwestern Section. 
ARNOLD DRESDEN, 
Assistant Secretary of the Society. 
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THE THIRTY-SECOND ANNUAL MEETING 
OF THE SOCIETY 

The thirty-second Annual Meeting of the American Mathe- 
matical Society was held in New York City, from Thursday 
to Saturday, December 31, 1925—January 2, 1926. The regular 
sessions were held at Hunter College, January 1-2, preceded, 
on December 31, by the annual meeting of the Board of 
Trustees held at the Faculty Club of Columbia University. 
This was the first meeting of the Society in its history held in 
New York City at any other institution than Columbia 
University. It was made especially interesting by the exhibi- 
tion at the College of an important part of the collection of 
objects bearing on the history of mathematics belonging to 
Professor D. E. Smith, of Columbia University, and by the 
invitation from Dr. G. A. Plimpton for attending members to 
view at his house his remarkable collection of old mathematical 
books and manuscripts. At the dinner on Friday evening, 
attended by about one hundred fifty members and their 
friends, Professor D. E. Smith presided; an attractive in- 
novation was that of replacing most of the speeches by 
musical selections rendered by friends of the College, and by 
a one-act play called A drama of relativity acted by the mem- 
bers of the Hunter College branch of the Pi Mu Epsilon 
fraternity. At the close of the Saturday morning session it 
was voted to express the thanks of the Society to Hunter 
College and its department of mathematics, especially 
Professor Tomlinson Fort, for their cordial reception, to 
Dr. Plimpton for his hospitality, to Professor Smith for the 
loan of his collection, and to the musicians and students for 
making the dinner such an enjoyable occasion. 

The attendance included the following one hundred twenty- 
nine members of the Society: 

C. R. Adams, Alexander, W. L. Ayres, J. P. Ballantine, Belcher, Bell, 
S. R. Benedict, A. A. Bennett, Birkhoff, Bryan, Carruth, Carver, Abraham 
Cohen, L. W. Cohen, Dorweiler, Edmondson, Eisenhart, G. C. Evans, 
Everett, Feinler, Fiske, Fite, Fort, M. C. Foster, Philip Franklin, Frink, 
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Gale, Gill, Glenn, P. H. Graham, M. C. Graustein, W. C. Graustein, Gra- 
vatt, Gray, Gronwall, C. C. Grove, Guggenbiihl, Hammond, Hausle, 
Hawkes, Hedlund, Robert Henderson, Hille, Himwich, Hurwitz, Joffe, 
M. I. Johnson, Jonah, Karpinski, Kasner, Kazarinoff, O. D. Kellogg, 
B. F. Kimball, Koopman, Kormes, Kunte, Langer, Langman, Larew, 
Lefschetz, Littauer, Locke, McGiffert, MacColl, MacInnes, Maria, 
Mirick, H. H. Mitchell, Molina, L. T. Moore, Morenus, Richard Morris, 
D. S. Morse, Mullins, Oglesby, Pedersen, F. W. Perkins, Plimpton, Pogo, 
R. G. Putnam, Rainich, Ransom, Raynor, Reddick, R. G. D. Richardson, 
D. E. Richmond, Ritt, Rosenbaum, Schelkunoff, Seely, Seidlin, Siceloff, 
Silverman, Simons, C. E. Smith, D. E. Smith, W. M. Smith, Sosnow, 
Stark, Stocker, M. H. Stone, Swift, Tamarkin, T. Y. Thomas, Tracey, 
Tyler, Upton, Vandiver, Veblen, Waddell, Evelyn Walker, G. W. Walker, 
C. M. Walsh, Wedderburn, Weida, M. E. Wells, Wetzel, Anna Pell Wheeler, 
H.S. White, Whited, E. E. Whitford, Widder, Wiener, Wiggin, K. P. Wil- 
liams, W. L. G. Williams, A. H. Wilson, R. G. Wood, M. M. Young. 


The Secretary announced the election of the following 


persons to membership in the Society: 


Mr. William Lord Bliss, United States Light and Heat Corporation, 
Niagara Falls; 

Mr. Samuel Northrup Castle, advisory engineer, New York City; 

Professor Robert Wood Clack, Alma College; 

Professor William Erskine Cleland, Geneva College; 

Mr. Leon Warren Cohen, Columbia University; 

Professor Wilbur Haverfield Cramblet, Bethany College; 

Mr. Ben Dushnik, University of Michigan; 

Mr. Erwin Ulric Frey, designing engineer, New York City; 

Dr. Leonard Franklin Fuller, vice-president, R. E. Thompson Manu- 
facturing Company, Jersey City; 

Mr. George Gibbs, consulting engineer, New York City; 

Mr. Joseph D. Grant, University of Michigan; 

Mr. Rollin Burke Hargrove, Southside High School, Elmira; 

Mr. Gustav Arnold Hedlund, Hunter College; 

Professor Edmund John Hirschler, Bluffton College; 

Professor John Albert Hyden, Vanderbilt University; 

Professor Florencio D. Jaime, Instituto Nacional Profesorado, Buenos 
Aires; 

Professor Vladimir Karapetoff, Cornell University; 

Mr. Spofford H. Kimball, University of Pittsburgh; 

Mr. Mark Kormes, New York City; 

Dr. Cooper Harold Langford, Harvard University; 

Professor Charles Arthur Lindemann, Bucknell University; 

Mr. Sebastian Barkann Littauer, Boys’ High School, Brooklyn; 

Professor Cristébal de Losada y Puga, University of Lima; 

President Frank Robert McBerty, North Electric Manufacturing Com- 
pany, Galion, Ohio; 
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Professor William Roberts McDaniel, Western Maryland College; 

Professor C. Edward Magnusson, University of Washington; 

Professor Thomas Adams Martin, Berea College; 

Professor John Frederick Messick, Emory University; 

Professor José Dionisio Morales, University of Porto Rico; 

Professor Frank O’Callaghan, College of New Rochelle; 

Mr. Boyd Crumrine Patterson, Johns Hopkins University; 

Mr. A. Henry Pikler, Teudloff-Dittrich Manufacturing Company, Buda- 
pest; 

Mr. Alexander Pogo, New York City; 

Mr. William Henry Powell, Allis Chalmers Manufacturing Company, 
Milwaukee; 

Miss Mary Josephine Quigley, Teachers College of the City of Boston; 

Mr. Donald Everett Richmond, Brown University; 

Mr. Vladimir Borisovich Rojansky, University of Oregon; 

Mr. Frederick O. Runyon, consulting engineer, Newark; 

Professor Charles Andrew Rupp, University of Texas; 

Mr. Giulio G. Schroeder, English Electric Company, London; 

Professor Alexander Smouroff, Electrotechnical Institute, Leningrad; 

Mr. Howard Parker Stabler, Harvard University; 

Miss Marion Elizabeth Stark, Wellesley College; 

Miss Ethel Clayton Stokes, Coker College; 

Professor Charles Jacob Stowell, McKendree College; 

President Frederick K. Vreeland, Vreeland Corporation, New York City; 

Mr. C. A. M. Weber, Westinghouse Company, Springfield; 

Mr. Edward Jones Willis, consulting engineer, Richmond; 

Miss Frances May Wright, University of Oklahoma. 


The Secretary announced that three of the nominees on the 
Allyn and Bacon sustaining membership had been transferred 
to ordinary membership and that the three following persons 
had on recommendation of the Secretary been elected in their 
place: 


Miss Mildred E. Carlen, Connecticut College for Women; 
Mr. C. M. Huber, University of Illinois; 
Mr. Thomas W. Moore, Yale University. 


The ordinary membership in the Society is now 1542, in- 
cluding 181 nominees of sustaining members and 81 life 
members. There are also 37 sustaining members, the total 
amount of whose annual dues is $5300. The total attendance 
of members at all meetings, including sectional meetings, 


during the past year was 702; the number of papers read was 
315. The number of members attending at least one meeting 
was 464. At the annual election 254 votes were cast. 
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The reports of the Treasurer and the auditors (Mr. S. A. 
Joffe and Professor Tomlinson Fort) were received, showing a 
balance of $14,070.72, exclusive of special funds. Of this, 
$5568.43 is reserved to secure the life memberships, and 
$3017.94 for publications (including colloquium lectures) 
not yet completed; the appropriation of $3100 made by the 
National Academy of Sciences for transferring the printing of 
our journals to this country is also included. Sales of the 


Society’s publications during the year amounted to $4403.03. 


The trustees adopted a budget for 1926 showing estimated 
receipts and expenditures of $23,987.94 and $23,962.94 re- 
spectively; these receipts include the reserve for publications 
not yet completed and the National Academy appropriation, 
carried forward from 1925. 

- The Librarian reported that the Library of the Society now 
contains 6931 volumes. A catalogue has been prepared, and 
has been distributed. 

At the annual election, which closed on Friday afternoon, 
the following officers and other members of the Council were 
chosen: 

Vice-Presidents, Professors E. T. Bell and C. N. Moore. 

Secretary, Professor R. G. D. Richardson. 

Treasurer, Professor W. B. Fite. 

Member of the Editorial Committee of the Bulletin, Professor 
W. R. Longley. 

Member of the Editorial Committee of the Transactions, Pro- 
fessor Dunham Jackson. 

Members of the Council, Professor Tomlinson Fort, Olive C. 
Hazlett, J. F. Ritt, E. B. Stouffer, and Norbert Wiener. 

The telleis appointed by President Birkhoff to count the 
ballots were Professors C. R. Adams and Lao G. Simons. 

It was announced that President Birkhoff had appointed as 
representatives of the Society: at the inauguration of Charles 
Christopher Mierow as president of Colorado College on 
December 5, 1925, Professor C. H. Sisam; at the inauguration 
of Parke Rexford Kolbe as president of The Polytechnic 
Institute of Brooklyn on January 13, 1926, Professor Tomlin- 
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son Fort; and that he had appointed Professors R. D. Bohan- 
nan (chairman), Arnold Dresden, C. N. Moore, S. E. Rasor 
and F. B. Wiley a committee on arrangements for the Summer 
Meeting of 1926. 

At the meeting of the Council, Professor Virgil Snyder was 
named to succeed Professor E. V. Huntington as representa- 
tive of the Society on the National Research Council for a 
period of three years beginning July 1, 1926. Professor E. S. 
Crawley and the Secretary were appointed to represent the 
Society on the Council of the American Association for the 
Advancement of Science. 

To signalize the completion of the Endowment Campaign, 
a minute reviewing the events of the three years of effort was 
spread on the records of the Council and letters of felicitation 
and thanks were sent to Professors J. L. Coolidge and Oswald 
Veblen. To inform the members and other contributors con- 
cerning the present status of the affairs of the Society, it 
was decided to print the report of the Secretary for the years 
1921-25. This report will appear in an early number of this 
BULLETIN. 

In order to mark the approaching retirement from academic 
life of Professor D. E. Smith, for nineteen years Librarian of 
the Society, a resolution of felicitation was adopted by the 
Council and read at the dinner. 

A committee, consisting of Professors O. D. Kellogg (chair- 
man), H. E. Hawkes, and H. H. Mitchell, was appointed to 
nominate the next incumbent of the Josiah Willard Gibbs 
Lectureship. This lecture will be given in connection with the 
Annual Meeting of 1926 in Philadelphia. 

Professors E. T. Bell and A. J. Pell Wheeler were invited 
to give the lectures at the Madison Colloquium in 1927. It was 
announced that in the future all phases of the Colloquia and 
all book publications of the Society are to be entrusted to a 
committee of three, analogous to the Editorial Committee of 
the TRANSACTIONS. This committee is to establish policies and 
procedure and to recommend to the Council action on all 
major matters. To inaugurate the reorganized procedure, the 
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Council appointed as a committee Professors G. D. Birkhoff, 
G. A. Bliss and Oswald Veblen (chairman). 

At the request of the Committee on Programme, Professor 
D. E. Smith delivered at the beginning of the Friday afternoon 
session an address on Material for the study of the history of 
mathematics, and Professor O. D. Kellogg at the beginning of 
the Saturday morning session an address on The Dirichlet 
problem. 

President Birkhoff presided at the Friday morning session, 
and, relieved by Vice-President Evans, at the Saturday morn- 
ing session. Retiring Vice-President Wedderburn presided on 
Friday afternoon, and Ex-President Veblen, relieved by 
Professor Kellogg, on Saturday afternoon. 

Titles and abstracts of the papers, other than invitation 
addresses, read at this meeting follow below. The last five 
papers by Bell, and those by Fields, Koopman (second paper), 
Langford, Michal, Poor, Tamarkin and C. E. Wilder, J. M. 
Thomas, T. Y. Thomas, and R. L. Wilder were read by title. 

1. Professor J. D. Tamarkin: JIntegro-differential equations 
and infinite determinants. 

In this paper, the notion of the Green’s function of a linear integro- 
differential equation is introduced, and its expression in the form of an 
infinite determinant is given. This expression is used for the discussion 
of the existence of characteristic values and of the expansion problem of 
an arbitrary function in series of fundamental functions. 


2. Professors J. D. Tamarkin and C. E. Wilder: Generaliza- 
tion of the notion of the adjoint problem in the theory of ordinary 
linear differential equations. 

When the boundary conditions are of the end-point type, the adjoint 
problem has been discussed by Birkhoff and others. If the more general 
conditions involving the Stieltjes integral are used, the adjoint problem in 


the ordinary sense does not exist. It is the purpose of this paper to extend 
the notion to these general conditions. 


3. Professor R. E. Langer and Mrs. Eleanor P. Brown: On 


the theory of integral equations with discontinuous kernels. 


The subject of this paper is the integral equation 
u(x) =r JoK (x,£)u(E)dE, 


in which the kernel is continuous except for a finite non-vanishing dis- 
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continuity along the line =x. The equation is reduced to a normal 
form, and is thereupon transformed into a system composed of an integro- 
differential equation and boundary conditions. Under appropriate restric- 
tions, characteristic values for the parameter \ and corresponding char- 
acteristic solutions u(x) are proved to exist, and their asymptotic forms are 
obtained. The set of characteristic solutions is proved to be closed. Lastly 
it is shown that the Fourier expansion of an arbitrary function in terms of 
the solutions of the given integral equation behaves essentially like the 
corresponding expansion in terms of the solutions of a related differential 
system. The discussion of the integral equation in which the kernel is 
continuous but has discontinuous derivatives will be presented shortly in 
a paper by the authors. 


4. Professor Anna Pell Wheeler: Linear ordinary differential 
equations of the second order. 


This paper deals with the expansion of arbitrary functions in terms of 
the characteristic functions of a self-adjoint differential equation with 
boundary conditions. The method used applies to the polar case as well 
as to the orthogonal case. 


5. Professor W. B. Fite: Periodic solutions of linear dif- 
ferential equations. 


In this paper the author considers the conditions under which a linear 
differential equation whose coefficients are all of period / has one or more 
solutions of this period. Some simple relations connecting such solutions 
with the coefficients are derived. 


6. Professor Tomlinson Fort: The Fourier-Budan theorem 
and mixed differential-difference equations. 


In this paper a simple graphical analysis is given of the Fourier-Budan 
theorem. Then, observing that the set of functions used in that theorem 
are the solutions of the mixed equation y,;1+yn’, the author studies other 
mixed equations along lines suggested by the Fourier-Budan theorem. 


7. Professor James McGiffert: Recurrence relations between 
solutions of the linear differential equation d?y/dx?+((m—1)/x) 
-(dy/dx) =0, m being a positive integer. 


If y is a particular solution of the above equation for m=mpo, then 
y =(1/x)(dy/dx)mo will be a solution for m=mo+2. The proof follows 
a simple substitution. In particular, when m=1 the equation reduces to 
(d?y/dx?) —y=0, whose particular solutions are known to be y=cosh x, 
and y=sinh x. Hence, for m odd, we have, as the particular solution, 
y=((1/x) (d/dx) )-»?2 cosh x, or y=( (1/x) (d/dx) )™"! sinh x. Thus 
we may obtain the particular, and hence the general, solution in closed 
form for all odd integral values of m. If m=2, the equation reduces to 
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(d?y /dx?) ++(1/x) (dy/dx) —y =0, a particular solution of which is y =Jo(x), 
where J» (x) is the Bessel function of zeroth order, with pure imaginary 
argument. Hence for all even values of m, we have the particular set of 
solutions y=( (1/x) (d/dx) )%-2/? Ig (x). Applications are varied. 


8. Professor F. M. Weida: On the correlation between two 
functions. 


Chis paper determines the correlation between two variates X and Y, 
where Y and Y are integral rational functions of t of degrees n and m respec- 
tively, with real coefficients a; and 5;, defined for all values ¢, of t on the 
rangec<t,<d. Rider*and Rietzt have investigated similar problems with 


different hypotheses. In the present paper it is shown that the coefficient 
f correlation r (product moment coefficient) is given by 
r=(1/(d—c) (As/(s+1) ) (s=0, 1,2, ....,m-+m), 


where the d, are functions of the a; and 6;.. In the special case where 


the envelope of the two-parameter family of 
spheres 1 t the centers of geodesic curvature of these curves. 
Special orthogonal systems are considered. Use is made of the moving 
trihedral. 


10. Dr. J. M. Thomas: 


elry of paths. 


paper the author considers the transformations of normal 
tes brought about by a projective change of the affine connection. 
and sufficient condition for linear fractional transformation 
al coordinat every point is found to be the preservation 
i Ricci 
»variant derivative of the (r 
% any covariant vector with its rth extension. 


tronals of r-dimensional spreads 


point transformations. 
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{ATICAL MONTHLY, vol. 31 (1924), 
LICATIONS OF THE AMERICAN STATISTICAL SOCIETY, 


NALS OF MATHEMATICS, (2), vol. 23, 360. 


9. Professor M. C. Foster: Note on the envelope of a special 
family of spheres. 

11. Dr. A. D. Michal: 
in ensions admitting croups 

In t paper a functional invariant the is developed which iii”! 
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12. Dr. A. D. Michal: Concerning certain solvable equations 


with functional derivatives. 

This paper is concerned with types of functional equations with func- 
tional derivatives which have as solutions certain functionals whose 
interesting properties are analogous to those of the Appell polynomials. 
In certain special cases these functional theories are isomorphic with the 
ordinary Appell polynomial theory. Such, for example, is the case in Evans’ 
functional algebra when functional differentiation is defined in a suitable 
way. The equations in question involve, in general, functional derivatives 
of order higher than one as well as of order one. 


13. Professor J. C. Fields: Representation of the branches of 
an algebraic function of several variables. 


The representation of the branches of an algebraic function of several 
variables given in the present paper was, essentially, obtained by the 
author in the summer of 1903; it is this representation to which reference is 
made in the preface to the author’s book Theory of the Algebraic Functions 
of a Complex Variable (Berlin, 1906). Presentation to the Society and publi- 
cation have been postponed until the present time in the hopes of obtaining 
precise results for points on what is here called the restricted singular 
manifold. 


14. Professor J. C. Fields: The existence theorem for the 
branches of an algebraic function of a complex variable. 


Let (2) f(x,u)=0 be an irreducible integral algebraic equation and 
suppose this equation to be satisfied by a pair of values z=a, u=b. Ex- 
pressing the left member in terms of powers of (g—a) and (u—b), and 
arranging according to dimensions, the equation can be written in the form 
(77) tn+un1+ +++ +u,=0, wherer=1. If r=1, this equation is satisfied 
by a relation of the form (ii7) u—b =P( (g—a)"”), where the right member 
is a series in ascending integral powers of (s—a)”’, and we may have 
v=1. We prove that also when r>1 the equation (77) is satisfied by a 
relation of the type (iiz). 


15. Professor R. L. Wilder: On the definition of simple 
closed curve. 


All the definitions that have been given of a simple closed curve M 
require that M be bounded or closed or both. The following definition 
requires neither of these conditions: A simple closed curve M is a quasi- 
closed curve which is connected im kleinen. (A quasi-closed curve is the 
sum of two sets M; and M; which are irreducibly connected, respectively, 
between two points A and B, and such that M,—(A+B) and Mz.—(A+B) 
are mutually separated.) It is also pointed out that a simple closed curve 
may be defined as a connected im kleinen continuum which is the sum of 
two sets M; and M; irreducibly connected between two points A and B, 
such that 
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16. Dr. C. H. Langford: On a type of completeness charac- 
lerizing the general laws for separation of point pairs. 


This paper is based on Huntington’s sets of postulates for separation of 
point pairs. The class of general laws is the class of all first-order proposi- 
tions which are affected by the single applicative “every,” or by the single 
applicative “some” introduced hypothetically. Huntington’s sets are 
formulated on the base K, Ry. Any such set is ‘‘complete”’ if it selects one 
or the other of every pair of mutually contradictory general laws which 
can be constructed on the given base. It is shown that any one of these 
sets has this property. Any first-order proposition in m variables, formu- 
lated in terms of the base K, R, and involving a single use of “every,” or, 
if the proposition be hypothetical, possibly a single use of ‘“‘some,” follows 
from each of the sets or else its contradictory follows. 


17. Professor Evelyn Walker: Methods of tangents in the 


seventeenth century. 


The problem of finding a general method of tangents became prominent 
ind was solved in various ways during the seventeenth century. Fermat 
and Roberval had succeeded in finding such methods by 1636, as is shown 


by their correspondence in that year. Fermat’s method was an analytic one 


which he called that by maxima and minima, but which is almost identical 
with the modern method of approach through Cauchy’s fraction. Roberval 
had two methods: an analytic one, now lost, and a mechanical one founded 
upon composition of motions. The latter was discovered independently, a 
little later, by Torricelli. Descartes published an analytic method in 
1637, and gave a full description of a mechanical one in 1638. Barrow’s 
two methods differed little from those of Fermat and Roberval, while those 
of Wallis were identical with them. Newton’s method of fluxions is an 
analytic combination of the two, and his mechanical method, using the 
instantaneous center of rotation, is precisely the second one discovered 
by Deseartes. Leibniz’s solution of the problem added only a new sym- 


bolism 


18. Professor E. T. Bell: The problem of general arithmetic. 

rreliminary report. 

The problem is to express in abstract form the existing theory of 
numbers, and from the abstract set of relations thus obtained to derive all 
sets of entities satisfying the relations. For example, there is an arith- 

1elical theory of classes, vhich there is a unique factorization theorem, 

a theory of class congruences, a theory of class forms, etc. Division in 

this theory is not unique, nevertheless it is possible to define prime classes 


and unique factorization. This is an example of solving the set of abstract 
relations. Others are mentioned. 
19. Professor E. T. Bell: On class number relations implied 


by representations as sums of an odd number of squares. 
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A complete set (about 200) of the above-mentioned relations is obtained. 
The set is defined by the condition that any member of it shall involve, in 
addition to the class number functions, only algebraic functions of divisors. 
For 3, 5, 7, 9, 11 or 13 squares, such results exist, ceasing permanently 
with the case of 15 squares. 


20. Professor E. T. Bell: On the arithmetical applications of 
the power series, for elliptic functions. 

In this paper, there is developed for the first time a fairly general 
method for eliciting from the power series for doubly or multiply periodic 
functions the arithmetical information contained in them. This is of a 


different nature from the classical applications of elliptic functions to the 
theory of numbers, and cannot be briefly abstracted. 


21. Professor E. T. Bell: Commutative algebraic inversions. 


By means of a simple algebra of the multiplicative symbolic properties 
of symmetric functions, the general inversions of H. F. Baker* and L. 
Gegenbauerf are generalized, and the proofs considerably simplified. 


22. Professor E. T. Bell: Periodic functions of n variables in 
an algebraic number field of degree n. 

The functions considered generalize to any algebraic number field the 
functions for the field generated by a cube root of unity, of Olivier, Hellwig, 
Glaisher, Nicodemi and Appell. A new type also is investigated. One set 
is periodic in n variables, the periods depending upon the ground-number 


of the field; all have algebraic addition theorems. The derivatives “recur” 
in a novel way. The tensor algebra is used to shorten computations. 


23. Professor E. T. Bell: A ray of numerical functions of r 
arguments. 


This paper will appear in full in an early issue of this BULLETIN. 


24. Professor H. S. Vandiver: Application of the theory of 
relative cyclic fields to both cases of Fermat’s last theorem. 


Second paper. 


In this paper several theorems are obtained, including the following: 
If x? +y?+s” =0 is satisfied in integers none zero and each prime to the odd 
prime p, then ((n?-'—1)/p)Do=0, ((n?1—1)/p) Bi+41)/2D,=0 (mod ), 
s=1,3,---+,p—4. I(a4—8*)is defined by {o/p} =a!), p isa 
prime ideal divisor of the ideal (”), m being a rational odd integer +0 or 1 
(mod p);a@ =€2iz/(n—1)3@ is some integer in the set 1,2, - - -, 


* PROCEEDINGS OF THE LONDON Society, vol. 21 (1889), pp. 30-32. 
¢ WIENER SITZUNGSBERICHTE, vol. 102 (1893), part 2, pp. 951-978. 
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other than (n—1)/2; the B’s are the numbers of Bernoulli, B,=1/6, 
= 1/30, ete., and fe p} is defined as the power of asuch that 0 ®)-Ve-2 
(mod p ), N (dD ) being the norm of P . 


‘ 


Mr. G. Y. Rainich: Remark on paraphrases. 


\ function F is given by a power series; a linear relation with constant 


ds among m values of F obtained by multiplying the argu- 
nstants; then the same relation holds for any other 
ients corresponding to zero coefficients of F 
nish be a general function which acquires a 
nstant factor when some of its arguments are multiplied by an rth root 
rity; then f is any iction of the same description. For r=2, we have 


I by E. T. Bell in his Paraphrases. 


26. Mr. Orrin Frink: On the representation of Boolean 
leebras as linear algebras. 


It is assumed in the literature that Boolean algebras cannot be repre- 
linear algebras. In this paper, it is shown that all Boolean 

infinite ones not capable of interpretation in terms 

The Boolean algebras are represented as 

ilgebras, the field of scalars being GF(2). 

neralizations of Boolean algebras. A repre- 

on in terms of matrices is also given, the elements of the algebra being 

es in the normal form, reduced modulo 2. The addition operation 

i the usual logical addition, but the aiterna- 

-x’y called iddition modulo 2.” A set of rules for 


‘ration replaces logical addition in the 


Mr. F. J. Feinler: Recurrence formulas for the Bernoulli 
rs derived from zero differences. 


1 
In the present paper, proofs and formulas omitted from. one of the 


author’s earlier papers* are given. 


Feinler: Zero differences and oscillating prime 


ences consist of 
il series of the mth order. 
ier of derived zero diff es 


ow the prime numbers 3, 5 
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29. Professor L. C. Karpinski: Generalization of a theorem of 
Nicomachus. 


In the series of odd numbers the first one gives 1, the next two 23, the 
following three give 33, and so on. In the present paper, the author extends 
the theorem to fifth and seventh powers, and gives further a generalization 
of which the theorem of Nicomachus is a special case. This theorem is that 
in the series of odd numbers, if we omit ((n—1)/2)n* odd numbers, the 
sum of the following n* odd numbers will be n**+1, A further generalization 
of this theorem has been made by Mr. Norman Anning and Mr. E. B. 
Escott. 


30. Dr. T. H. Gronwall: On the region of convergence of the 
power series expansion of a harmonic function of three variables. 


Let U(x, y, z) be harmonic inside the sphere x?+-y?+2? =1; then the 
expansion of U in powers of x, y and z will converge when |x|, |y| and jz! 
are interior to the convex solid S obtained by capping the sphere |x |?+ !y |? 
+ |z |?=4 with its three tangent cones from (1, 0, 0), (0, 1, 0) and (0, 0, 1) as 
vertices. Conversely, if |xo!, |yo}, !zo| is any point on the boundary of 5S, 
then £, 7 and ¢ may be determined on the unit sphere in such a manner 
that 1/{(x—£)?+(y—7)?+(z—4)7]"%, which is harmonic inside the unit 
sphere, will diverge for some complex values x;, y1, 21 of the variables such 


31. Dr. T. H. Gronwall: A differential equation in the Debye- 
Hiickel theory of strong electrolytes. 


Let F(y) increase monotonely from — » to + © as y increases from 
— © to + © and consider the differential equation = 
F(y). The qualitative properties of all solutions are investigated, and used 
to prove existence and uniqueness of a solution with the boundary condi- 
tions dy /dr =c( <0) at r=a(>0) and ¥-—0 as r+ ~, by a method involving 
an apparently novel application of the Dedekind cut. The results are 
applied to the numerical integration of the case F(y) =Z{a,B,e*"", where 
all ay>0 and 2ja,8,=0, upon which the Debye-Hiickel theory is founded. 


32. Mr. F. W. Perkins: A function related to Poisson’s 
integral. 

In the first section of this paper, it is shown that the unique function 
u(P), finite and harmonic in a half plane, and taking on boundary values 
f(x) on the line L, is the “apparent average’’ of the values f(x) as seen 

: 
from P, that is, u(P) = (1/7) =f i f(x)dw, where w is the angle from the 
perpendicular on L through P to the ray Px. The remainder of the paper 
is devoted to applications of this result in the study of certain properties 
of Poisson’s integral, 
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33. Mr. F. W. Perkins: On the oscillation of harmonic 
functions. Second paper. 


Problems similar to those considered in an earlier paper of the same 
title presented to this Society on December 30, 1924, are discussed. Prop- 
erties of functions finite and harmonic in a half plane, corresponding to 
those previously treated for the circle, are, established. Some theorems on 
the oscillation of harmonic functions of three variables are proved, in 
particular, an analogue of a theorem.due to Neumann concerning the 
oscillation of a harmonic function on a pair of concentric circles. 


34. Dr. B. O. Koopman: On rejection to infinity and exterior 
motion in the restricted problem of three bodies. 


he restricted problem of three bodies has been studied in detail only 
when the particle is in the neighborhood of points of equilibrium or in the 
interior of an oval of zero velocity. In none of these cases does the question 
of rejection to infinity play any réle. It is to this phenomenon, and types of 
motion in which its possibility is an essential feature, that the present 
paper is devoted. First we investigate individual half-orbits extending to 
infinity, find a criterion for their existence, and prove that they approach 
an asymptote. Next we investigate infinity from the point of view of a 
singularity of the equations of motion, and show how to reduce it to a well 
known form. Then we consider motion outside a closed oval of zero velocity 
containing the massive bodies, and extend to this case most of the results 
concerning the existence of the surface of section and symmetric periodic 
orbits obtained by Birkhoff* for the interior case. We end by studying 


the relative distribution of stable and unstable motions. 


35. Dr. B.O. Koopman: Flow in a Mobius sirip. 


Let a Mobius strip be constructed from a rectangle of tin foil, and let 
the poles of a battery be placed in contact with it: what is the nature of 
the flow of electricity in the strip? A simple method is developed for 
solving this problem, and establishing the uniqueness of the solution. 
A typical case is treated in detail, and compared with the corresponding 
problem for the cylinder; it is found that there is a singularity in the former 


1 
case which does not occur in the latter. 


36. Professor Philip Franklin: A geometric characterization 


uthotential and stream lines 


ject of this paper is to find out when a harmonic function exists 


of analytic curves as its equipotential lines. The 
nstructing certain point functions depending i 
curves, which are constant along these curves wh 
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and only when the harmonic function exists. A similar discussion is given 
for the characterization of the stream lines of a steady, two-dimensional 
fluid motion. 


37. Dr. T. Y. Thomas: On conformal geometry. 


Conformal geometry is presented as the invariant theory of the equa- 
tions of transformation of a fundamental conformal tensor Gag and by 
means of these equations the fundamental problem of the algebraic 
characterization of the conformal manifold is solved. The importance of 
the elimination equation by which second derivatives of transformations 
relating manifolds are given in terms of first derivatives is emphasized in 
establishing this characterization. Two types of elimination equations are 
given, the first of which is connected with (m+1)-dimensional manifolds, 
the second with (1+2)-dimensional manifolds. 


38. Professors Max Born and Norbert Wiener: A new 
formulation of the Heysenberg method of quantization. 


The authors apply the theory of the harmonic analysis of non-periodic 
functions to the generalization to systems with continuous sequences of 
quantized states of Heysenberg’s formulation of the quantum theory in 
terms of matrices. 


39. Mr. G. Y. Rainich: Electricity and mass in certain 
static spaces. 


Space-time is studied which corresponds to a static field with the further 
restriction that the direction of the gravitational force vector is a principal 
direction of both the Riemann tensor of the space and the mass tensor, the 
two other principal directions being indeterminate. 


40. Miss Marion E. Stark: A self-adjoint boundary value 
problem associated with a problem of the calculus of variations. 


The problem of this paper is that of finding among the arcs y;=4i(x) 
m; having end points (x1, Yui) and 
(x2, * Yn2) that satisfy a set of equations of the form ¥,(%1, *, 
Yn1j * Yn2) =O (u=1,- ++, pS2n+42) one which minimizes the 
integral 


z 


Let the desired minimizing arc be called Ey2. After the statement of certain 
hypotheses and definitions, a useful theorem is proved involving a one- 
parameter family of arcs having a special set of variations along E12. 
Then the first and second variations of the integral J are found, together 
with the Euler equations and transversality conditions. A minimum prob- 
lem is now seen to be suggested by the second variation. As it is in- 
vestigated, new boundary conditions are developed. The boundary value 
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problem of the second variation is then formulated, and a new necessary 
condition is found for a minimum of the original problem. A special case of 
the boundary value problem may be shown to have the property of self- 
adjointness according to a definition of self-adjointness given by Bliss. 


41. Mr. D. E. Richmond: Geodesics on surfaces of genus 
zero with knobs. 


A knob will be defined as a finite portion of surface K which is (a) 
bounded by a closed curve C with continuously turning tangent; (b) capable 
of being put into one-to-one continuous correspondence with the interior 
lary points of a circle; {c) such that the geodesics tangent to the 


boundary C lie in K in the immediate neighborhood of the point of contact. 


ind boun 


On any regular surface of genus zero with a finite number of knobs, we 
consider a certain set of geodesics issuing from any point not on a knob. 
The results resemble those obtained by Hadamard for surfaces of negative 


curvature. 


42. Dr. M. H. Stone: Series of Legendre polynomials. 


The aim of this paper is to give an “elementary” treatment of the 
Legendre polynomials and developments in terms of them. So far as the 
author is aware, the discussions of series of Legendre polynomials published 
hitherto have striven for generality and are correspondingly difficult. 
Here the properties of the polynomials P,,(x) are derived from the defini- 


tion 


1/\/1—2xr+r —isx<+1, 


by standard operations with infinite series. The relation |P,(cos 0) | = M/ 
a/n sin 0, O>«<0<x—«, is found by the use of Abel’s lemma. The con- 
<pansions in terms of the functions P,,(x) is then treated for 

-1<x<-+1 in cases where the coefficients approach zero with 

idly. The integral which plays the part of Dirichlet’s integral 


in this theory is also examined. 


Mark Kormes: On linear operations. 


paper continui 1 linear operation in a general sense is 
defined and also in a tr nse. For spaces of a finite number of 
dimensions, from continuity general sense follows continuity in the 
j ise. Thi it the case for spaces of an infinite number of 

It is sufficient for a linear operation in a space of a denumer- 

umber of di < be bounded in order that it be con- 

i i RX, are defined, and the 

(L) linear representations 

ition of f(x— y)—f(x) —f(y) 


lare measure. 


Dr. 
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44, Mr. W. L. Ayres: End-point homogeneity in continuous 
curves containing no simple closed curve. 


This paper considers the following problem: Suppose that in a con- 
tinuous curve M containing no simple closed curve any two sets of ” end 
points are chosen. Under what conditions will there exist always (no 
matter what two sets are chosen) a one-to-one continuous transformation 
of M into itself which carries the points of the first set into the correspond- 
ing points of the second set? The author proves that if m>3 it is necessary 
and sufficient that M contain a point P such that M consists of a set of 
arcs from P to the end points of M, no two of which have any point in 
common except P. An example is given to show that the condition is not 
necessary unless x >3. It is also proved that if a continuous transformation 
of a continuous curve containing no simple closed curve leaves all, except 
possibly three, of the end points invariant it leaves the branch points 
invariant also. 

45. Professor V. C. Poor: On definitions and transformation 
theorems tin the theory of the homography. 

This paper exhibits the close correlation of homography theory with 
the elements of vector analysis. Simpler definitions coextensive with the 


more complicated current form are pointed out and several transformation 
theorems given. 


46. Professor V. C. Poor: On the double layer potential. 


This note contains an elementary proof of the convergence of the double 
layer potential. 


R. G. D. RICHARDSON, 
Secretary of the Society. 
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PROPERTIES OF UNRESTRICTED 
REAL FUNCTIONS* 


BY HENRY BLUMBERG 


The functions that ordinarily interest mathematicians are 
of specialized character——continuous, differentiable, analytic, 
of limited variation, etc. Historically, of course, the race 
starts with simple, concrete things and only gradually moves 
on to abstract conceptions. In the case of functions, it was 
not till the nineteenth century that serious attention was _ 
accorded functions affected with a generous degree of dis- 
continuity, and it was not till the middle of the century 
that there emerged Dirichlet’s conception of an unrestricted 
(real) function. According to this conception, g(x) is a real 
function of the real variable x if to every real number x there 
corresponds a real number g(x). This conception, natural 
and simple though it is, conflicted with the traditional notion 
—which, indeed, is the same as the one widely held by those 
unconversant with modern developments of the theory of 
functions of a real variable—that required from every 
function some sort of analytic expressibility. Thus, g(x) is 
a function, according to Dirichlet, if g(0)=0 and g(x)=1 
for x #0. Itso happens that this particular g(x) is analytically 


as 


bhi 


1 
lim (a2n+1)2 


for example, where is a positive integer. But the decision 
that g(x) is a function rests, for Dirichlet, solely on_the 
ground of the correspondence of a real number g(x) to every 
real number x; whereas, according to the older conception, 


red at the meeting of the Southwestern Section of the 


bia, Mo., December 1, 1923. 
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it was necessary to demonstrate the expressibility of g(x) 
by means of sums, products, sines, logarithms, limits, etc., 
before admitting it into the domain of functions. 

The functions we shall deal with are single-valued—other- 
wise they are unrestricted. The assumption of one-valuedness 
may be regarded as entering the definition of function, if we 
require that to every x there shall correspond just one number 
g(x) ; besides, the properties we shall be concerned with hold 
essentially even when this assumption is dropped. 

Now suppose one were to select a particular function g(x) 
out of the class of unrestricted one-valued, real functions. 
If we are told nothing concerning his choice, what can we say 
about g(x)? Anything but trivialities? Compare the question 
with the following one: Suppose one were to select a real 
number without telling us anything concerning it. What can 
we say about it? In this case, I know of-nothing insufficiently 
evident to be worth while asserting. 

Not so, however, with the question concerning the function 
g(x). In other words, we are able to state properties—by no 
means trivial—that hold for all real functions. This may 
seem unexpected. Even Hobson, in his latest edition of 
The Theory of Functions of a Real Variable (1921) writes: 
“No elaborate theory is required for functions which retain 
their complete generality, . . . since few deductions of im- 
portance can be made from that definition which will be valid 
for all functions.” 

A property of all real functions g(x) can, of course, be a 
consequence of nothing else than that g(x) is a real function. 
What may, however, not be seen at once is that the condition 
that g(x) is a real function has implications that are far from 
obvious and yet of a simplicity that attracts interest. There 
is thus added to our conception of an unconditioned function 
a richness of detail that one would at first hardly suspect. 

It so happens that the subject matter of this paper lies 
near the foundations of mathematical analysis, so that only 


a slight knowledge of mathematics is necessary for under- 
standing the content of the theorems—if not of the proofs, 
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which we mostly omit anyway. To make the paper intelligible 
to a wider circle of readers, we shall assume no further technical 
knowledge on the part of the reader than that possessed by 
one who knows the calculus. 

We first explain the notions least upper bound, greatest 
lower bound, and saltus. The least upper bound of a real, one- 
valued function g(x) in an interval (a, ) is, as the very name 

ignifies, the smallest number not exceeded by the functional 

lues of g(x) in (a, b) ; we denote it by u(g, a, b). Thus sup- 
pose g(x), defined for 0<x<1, is 0 for x=0 and also for ir- 
rational values of x; and g(x)=x—1/q if x=p/q, a rational 
fraction in its lowest terms. Then u(g, 0, 1)=1, because 1 
is the smallest number not exceeded by the values of g(x). 
Similarly, the greatest lower bound of g(x) in an interval 
(a, b}, denoted by /(¢, a, 6) is the largest number exceeding 
no value of g(x) for a<x<b. The saltus of g(x) in (a, bd), 
denoted by s(g, a, 6), is the span of variation of the functional 
values of g(x) in the interval, and is defined by the equation 

s(g, a, b)=u(g, a, b)—I(g, a, 5). 
We have defined the saltus in an interval (a, 0); we now 


define the saltus at a point x—the passage from the former 


to the latter being made like that from average speed in an 


‘rval of time to instantaneous speed. We enclose the 


in intervals (a, 8) of length 1; approaching 0, and de- 


ap 
at x, which we denote by s(g, x), as 


lim s(g, a, B) , 


a, p) is understood be an interval containing x 
terior point. It may be seen after slight reflection that 
In the case of the particular function 

g(x) defined above, x)=x, 
With every function g(x)—-no matter how discontinuous it 
we can thus associate a species of “derived” function, 


attus 


function s(g, x). The successive 
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functions derived from a given primitive g(x) we denote by 
s'(g, x) =s(g, x), x)=s(s’, x), 5’"(g, x) =s(s”, x), 


and so on. 

We are now ready to tell something about the selected 
function g(x) without inquiring as to its special character; 
namely, that s’’’(g, x) =s’’(g, x).* In other words, in the suc- 
cession of saltus functions s’(g, x), s’’(g, x), s’’(g, x), - 
all from the second on are equal. Here is a concrete example. 
Let g(x), defined in the interval (0, 1), be equal to x for ir- 
rational x; g(x) =0 for x=0, x=1, and for rational fractions 
in which the denominator is an integral power of 2; g(x) = 
x+1/q for every rational fraction x=p/q, supposed to be 
in its lowest terms, with g not an integral power of 2. It may 
be seen that /(g, x)=0 for every x, and that u(g, x)=x 
everywhere except that u(g,p/q) =(p+1)/gq for fractions p/q 
of the described type. Hence s’(g, p/q)=(p+1)/q, and 
s'(g, x) =x for every x not of the form p/g. Therefore I(s’, x), 
i. e., the lower bound function of the first saltus function, 
equals x at every point, and u(s’, x) =x except that u(s’,p/q) = 
p+1/q, so that s’’(g, p/q)=1/q, and s’’(g, x) =0 for 
Hence p/q)=i/q and x) =0 for x#p/q, so that 
s""(g, x) =s'"(g, x). 

To be able to tell more about unconditioned functions, we 
shall define other types of saltus. These new types are ob- 
tained by agreeing to regard certain point sets as negligible 
The first new type thus obtained, called the f-saltus, comes by 
considering finite sets as negligible. The f-saltus of g(x) in 
the interval (a, b), denoted by s;(g, a, 6), is defined as the 
number & satisfying the following two conditions: (a) by 
neglecting the values of g(x) in a suitably chosen finite set 
of points, we can make the resulting ordinary saltus s(g, a, b) 
less than & plus as small a number as we please ; (b) no matter 
what finite set we choose to neglect, we cannot make the 


resulting ordinary saltus less than k. Thus suppose g(x), 


* Sierpifiski, BULLETIN DE L’ACADEMIE DES SCIENCES DE CRACOVIE 
(1910), pp. 633-634. 
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defined in the interval (0, 1), equals 0 everywhere except at 
the points «=1/2", n=1, 2,- --, where g(x)=x. The 
ordinary saltus in the interval is 1/2. But if we exclude the 
point x=1/2, the resulting saltus is 1/4; if we exclude the 
points 1/2 and 1/4, the resulting saltus is 1/8; and so on. 
Hence s,;(g, 0, 1)=0, while s(g, 0, 1) =1/2. 

As in the case of the ordinary saltus, we pass from the 
idea of the f-saltus in an interval to that of the f-saltus at 
a point x by means of a sequence of intervals enclosing x and 
having 0 as limiting length. With every function g(x), there 
thus coéxists, apart from s(g, x), this new f-saltus function, 
which we denote by s;(g, x). 

We obtain another type of saltus, the d-saltus, by agreeing 
that denumerable sets may be neglected; i. e., infinite sets 
containing as many individuals as there are positive integers ; 


or in other words, sets whose elements may be completely 


mated in one-to-one manner with all the positive integers. 
For example, the set of rational numbers between 0 and 1 
is denumerable ; for we can arrange all the rational numbers 
in the intervals (0, 1) as-follows: 

0, 1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5,-- +, 
and then mate them successively with the positive integers, 
the 0 with the 1, the 1 with 2, the 1/2 with the 3, and 
so on, every rational number between 0 and 1 being thus 
mated to just one positive integer, and every positive integer 
to just one rational number. Let g(x) = x for x rational, and 
g(x) =0 for x irrational. Then s(g, 0, 1) =1 and s;(g, 0, 1) =1. 

, 0, 1)=0, i. e., the d-saltus of g(x) in the interval 
) is 0, since we may neglect the functional values at the 


1 


denumerable set of points where x is rational. 
Another type of saltus one naturally thinks of is obtained 
of zero measure (Lebesgue) as negligible. 
of zero measure if it can be enclosed in 


le infinity of inte Is in such a way that the 


ngths is urbitrarily small. For example, suppose 
1 straight line is denumerable, so that 


ints in .S may be mated in one-to-one manner 
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Sum ¢ é 
that a | int 
the 


1926.] UNRESTRICTED REAL FUNCTIONS 137 


with the positive integers. In this one-to-one correspondence, 
let P,, denote the element of S that is mated with the positive 
integer n. Enclose P, (n=1, 2,- - - ) in an interval of length 
6/2", where 6 is a positive number. The totality of points 
of S, i.e., the points of the sequence P;, P2,- - - , may there- 
fore be covered by intervals the sum of whose lengths is 


2° 2 


Since 6 can be made arbitrarily small, the “length” of the 
set S is zero; that is to say, S is of zero measure (Lebesgue) 
according to our definition. 

We may remark that the reasoning above shows that it is 
impossible to mate all the points of the continuum, or for 
that matter, all the points in an interval (a, b), with the 
positive integers in one-to-one manner. For if the points 
in (a, b) were denumerable, we could cover them completely 
by means of intervals whose sum of lengths is arbitrarily 
small. This would involve contradiction in our notions of 
length. We have here, then, a proof of the theorem of Cantor 
that it is impossible to arrange all the points of the con- 
tinuum in an ordered sequence like that of the positive in- 
tegers. 

If we may neglect sets of zero measure, we are led to the 
z-saltus. The set of rational points between 0 and 1, consti- 
tuting, as we have seen, a denumerable set, is of measure 
zero. Suppose g(x) =0 for irrational points and 1 for rational 
points of the interval (0,1). Then s(g, 0, 1) =s,(g, 0, 1) =1 
and s4(g, 0, 1)=s,(g, 0,1)=0; here s,(g,0,1) denotes the 
z-saltus of g(x) in the interval (0, 1). While every denumer- 
able set is of zero measure, the variety of sets of zero measure 
is so great that the denumerable sets may be said to con- 
stitute but ‘a vanishing portion of the totality of sets of zero 
measure. Suppose Z is a non-denumerable set of points of 
zero measure lying in the interval (a, b); let g(x) =0 if x 
belongs to Z, and g(x) =1, if x belongs to the interval (a, 5) 
but not to Z. Then su(g, a, b)=1 while s.(g, a, 6) =0. 
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Besides the ordinary saltus function, we thus have the f- 
saltus function, the d-saltus function and the z-saltus function, 
and for each of these new types we have a property of un- 
conditioned functions similar to the one for the ordinary 
saltus. In the case of the d-saltus and the z-saltus, we have 


Sa (g, x) = $4" (ex), 


(g, x)=s: (g, x) 

while examples of functions g(x) may be constructed for which 
sa’ (g, x) #5," (g, x) and (g, x)#s,’” (g, x). The corre- 
sponding result for the f-saltus is more complicated; we omit 
its statement here.f 

It may be remarked that g(x) may be many-valued without 
significantly disturbing the general properties already men- 
tioned ; likewise, infinite values of g(x) may be admitted with- 
out invalidating the results, provided familiar agreements are 
made in regard to the calculation with ©. The results hold 
also for functions of » variables and for much more general 
spaces. 

With the aid of the above defined saltus functions, we are 
thus able to tell various things—by no means obvious—about 
unconditioned functions. But, one may say, the properties 
describe the function g(x) only indirectly; directly they 
describe the character of the associated saltus functions, 
which turn out to be of special character. Have we any non- 
trivial qualifications of unrestricted functions that describe 
them directly? Yes. But to state them we shall need certain 
additional notions. 

It will be more convenient now to deal with real, single- 
valued functions g(x) of two real variables, instead of one, 
but, as before, unconditioned as to continuity. And cor- 
respondingly the point sets we shall speak of will be planar. 


* Blumberg, ANNALS OF MATHEMATICS, (2), vol. 18 (1917), p. 147. 
¢ Blumberg, loc. cit. 
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A (planar) point set N is said to be nowhere-dense, if in 
every circle of the plane there is another circle containing no 
points of N. For example, the set of points with integral 
cartesian coérdinates is nowhere-dense. 


A point set E is said to be exhaustible,* if it is the “sum” 


of a denumerable number of nowhere-dense sets, the term 
“sum” signifying here the set that is constituted by the 
elements that belong to one or more of the nowhere-dense 
sets. That is, an exhaustible set E is one expressible in the 
form 


E=Ni+Nit 


where N; (4=1, 2,---) is a nowhere-dense set. 

Not every set is exhaustible. The planar continuum, for 
example, is not exhaustible. Indeed, if E is any exhaustible 
set, every circle C contains points not belonging to E. For 
since NV; is nowhere-dense, there is in C a circle C; containing 
no points of N,; likewise, since N2 is nowhere-dense, there is 
in C, a circle Cz containing no points of Nz; and so on. In 
this manner we define a sequence of circles C;, C2, - - - such 
that C; contains no points of N;, Ne,--- N;. Therefore, 
if P is a point contained in every circle C; (i=1, 2, -- -), 
it belongs to none of the sets NV; and therefore not to E. 

A denumerable set may be regarded as the sum of a de- 
numerable number of sets, each consisting of one element. 
Therefore every denumerable set is exhaustible; and since 
the planar continuum is not exhaustible, it is not denumer- 
able. The proof, by means of the notion of exhaustible sets, 
that the linear continuum is not denumerable is entirely 
analogous—or if we will, a corollary—so that we have another 
proof of the theorem of Cantor. 

A residual set is the complement, with respect to the 
planar continuum, of an exhaustible set ; in other words, if 
R is a residual set, the points of the continuum not belonging 
to R constitute an exhaustible set. 


* Cf. Denjoy, JouRNAL DE MATHEMATIQUES, (7), 1915, pp. 122-125. 
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sum of two exhaustible sets E=N,+Ne+--- and 
=.V,’+N.,'+--- is again representable as the sum 
--- of a denumerable number of 
nowhere-dense sets, and is therefore exhaustible. On the 
other hand, the sum of a residual set and its complementary 
exhaustible set is the entire continuum, which is not ex- 
haustible. A residual set cannot therefore be also exhaustible. 

A set S is said to be an J-region (=open set), if every 
element of S is an inner point of S; i. e., no point of S is the 
limit of a sequence of points not in S. Thus the set consisting 
of the interior points of one or more polygons is an J-region ; 
but the set consisting of the interior and the boundary 
points of a polygon is not an J-region, because a boundary 
point is the limit of a sequence of points outside of S. 

A set S is said to be a partial neighborhood of the point P, 
if (a) S is an J-region, and (b) P is an interior or boundary 
point of S. The interior of a sector of a circle is, for example, 
a partial neighborhood of the center of the circle. 

Suppose now that g(x, y) is a one-valued, real function. 
If S is a set in the xy-plane, we shall understand by S’ the 
spatial set consisting of the surface points of the surface 
z=g(x, y) that correspond to the points of S; that is, as the 
point (x, y) varies over S, the point (x, y, g(x, y)) varies 
over S’. We shall say that the function g(x, y) is densely 
approached at the point A=(x, y) of the xy-plane—or, in 
other words, that the point A’=(x, y, 2) of the surface z= 
g(x, y) is “densely approached”—if for every partial neigh- 
borhood S of A the point A’ is a limit point of the set S’. 
Thus, if A’ is densely approached, there exists in every 
partial neighborhood S of A a sequence of points An= (Xn, Yn) 
approaching A as a limit such that the corresponding surface 


points A= (x,, J, Hea, yn)) approach A’ as a limit. 

An alternative definition of dense approach is the following : 
The function g(x, y) is densely approached at A= (x, y), if 
for every positive number e, there exists in the xy-plane a 
circle C with A as center such that the points (&, 7) of C 
where |g(£, 7) —g(x, y)| <e are everywhere dense in C; i. e., 
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every circle interior to C contains at least one point (£, 7) 
such that |g(£, 7) —g(x, y)| <e. 

In terms of the defined notions, we may now state the fol- 
lowing general property of real functions: 

For every real, one-valued function g(x, y), the points of the 
xy-plane at which g(x, y) is densely approached constitute a 
residual set. Conversely, if Ris a residual set of the xy-plane, 
a function g(x, y) exists that ts densely approached ai and only 
at the point of R.* 

Without the explicit use of the notion of dense approach 
this theorem, apart from the converse portion, may be re- 
stated as follows: 

With every real, one-valued function g(x, y), there is asso- 
ciated a residual set R (dependent on g) of the xy-plane, such 
that if A 1s a point of R, N a partial neighborhood of A, and S 
a sphere having A’ as interior potnt, there is at least one surface 
point (x, y, g(x, y)) in S such that (x, y) is in RN (the set 
common to R and N). 

This property exhibits a remarkable degree of regularity 
possessed by every real function. The property is stated in 
so-called descriptive terms, involving merely the notion of 
density (nowhere-dense, everywhere dense, exhaustible, re- 
sidual), but not that of length or measure. In such “de- 
scriptive” considerations, it is the residual set that plays the 
réle of one rich in elements, while the exhaustible set mani- 
fests itself as relatively negligible. Our property asserts, then, 
that if we neglect a certain exhaustible set of the xy-plane, 
every remaining point (x, y) will be one of dense approach— 
one, therefore, such that the surface points of z=g(x, y) 
cluster about (x, y, z) with a large degree of what we may 
roughly think of as descriptive symmetry. 

The following property shows that the degree of symmetrical 
clustering is even more considerable : 

With every real, one-valued function g(x, y), there is as- 
sociated a residual set R of the xy-plane, such that if A is a 


* Blumberg, TRANSACTIONS OF THIS SOCIETY, vol. 24 (1922), p. 113. 
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point of R, A’ the corresponding point of the surface z=g(x, y), 
S a sphere with A’ as center, N a partial neighborhood of A, 
and K the set of points of N thai are projections of points of S 
that belong to the surface s=g(x, y), then K is not exhaustible, 
and furthermore, K is everywhere dense in the portion of N 
that lies in a circle of the xy-plane having A as center and a 
sufficiently small radius (which may vary with A).* 

The following property. shows that, no matter how dis- 
continuous a function may be, it yet possesses a certain re- 
markable degree of smoothness : 

With every one-valued, real function g(x, y), there may be 
associated—not uniquely of course—an everywhere dense set D 
of the xy-plane (t. e., one containing at least one point in every 
circle of the plane) such that g(x,y) is continuous if (x, y) 
ranges over 

Although the first two properties for g(x, y) were formu- 
lated on the assumption that g(x, y) is one-valued, they hold 
essentially for many-valued functions, as we mentioned 
earlier. We state the extended theorem for the first property : 

Let g(x, y) be any real function defined for the entire xy- 
plane and taking at every point at least one value; the number 
of values may change, however, from point to point and vary 
from 1 to c, the cardinal number of the continuum. Then the 
points (x, y) such that every surface point (x, y, g(x, y)) is 
densely approached by the surface z= g(x, y) constitute a residual 
set of the xy-plane. 

Our properties, while stated for functions of two variables, 
hold also for functions of one or of any number of variables. 
These properties are, moreover, capable of wider extension. 
For example, it is not necessary to insist that g(x, y) shall be 
defined at every point of the xy-plane. We are thus led to 
functions defined in more general domains than that of 


euclidean u-space. It turns out upon examination that it is 


* Blumberg, TRANsactions, loc. cit 

+ Blumberg, loc. cit. The continuity of g(x, y) over D means that 
if (x, y) is a point of D and {(xp, yn,)} a sequence of points of D having 
(x, y) as limit, then lim g (xq, yn) =g (x, 
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necessary to draw upon a relatively small number of the prop- 
erties of the plane in order to build the proofs. It is these 
properties that lead logically to our descriptive theorems; 
we may, therefore, instead of starting with a definite spatial 
object, formulate a set of properties as postulates sufficient 
to insure our theorems as consequences, and thus arrive 
at an abstract generalized theory. Without entering upon 
extreme refinements of generalization, we may say that our 
theorems hold if g(P), instead of being a function of a point 
P=(x, y), is a real, one-valued function of an element P 
that ranges over any set S whatsoever, instead of the plane; 
in other words, with every element P of © there is associated 
a real number g(P). © is furthermore subject to the following 
four conditions : 

1. S is metric ;* that is to say, with every pair of elements 
P and Q of © there may be associated a non-negative, real 
number, which we denote by PQ (Fréchet’s écart) in such a 
way that if P, Q, and R are any three elements of S, then 


(a) 
(b) 
(c) PO + OR2 PR 

If, in particular, S is the set of points in n-dimensional 
space, the number PQ may be taken as the distance between 
P and Q, and the conditions (a), (b), and (c) obviously hold. 
If S is the set of continuous curves y=g(x), OS x31, and P 
and Q stand for two such curves y=gi(x) and y=g2(x), then 
PQ may be defined as max |g:(x)—ge(x)|, OSxS1; this 
definition renders (a), (b), and (c) valid. 

2. S is a “complete space” (vollstindiger Raum) ;f that is 


to say, if {P:, Ps,---, Pa,---} is a regulart sequence of 


* Cf. for example, Fréchet, RENDICONTI DI PALERMO, vol. 22 (1907), 
p. 1, and Hausdorff, Grundsiige der Mengenlehre, 1914, p. 211. 

t Hausdorff, loc. cit., p. 315. 

t The sequence { } is regular, if for every positive 
there exists an integer m, such that PyPu<e for A>n, and p>n. 
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elements of G, there exists a limit element P of © (i. e., an 


element P with the property lim,,© P,P =0). 


If, for example, S is taken to be the set of rational num- 
bers of the linear continuum, it is not complete, since a regular 
sequence of rational numbers may have an irrational limit, 
i. e., a limit not belonging to S. 

3. S contains a denumerable subset T that is dense in S. 
This means that if P is an element of S, ka positive number, 
and S the ensemble of points Q of S such that PO<k (S may 
then be regarded as the set of points interior to the sphere 
having P as center and k as radius) then at least one point 
of T belongs to S. In the case of the plane, T may be chosen 
as the set of points both of whose coérdinates are rational. 

4. S has no isolated points. That is to say, if P is a point 
of S and S the sphere of center P and radius k defined above, 
then S contains at least one point of S different from P. 

As particular examples of a complete, metric space with a 
dense denumerable subset and without isolated points, we 
may mention the following: 

(a) Ordinary euclidean n-space. 

(b) Z/ilbert space, which is the set of those points in the 
space of a denumerable number of dimensions that are at a 
finite distance from the origin; in other words, the set of 
infinite sequences {x1, Ne, } such that 
the squared distance of the point (x1, x2, - - -) from the origin, 
is finite. The écart between two elements P=(x1, x2, --- ) 
and Q=(y1, y2, - - - ) isdefined as V (2x1 1)? + (x2 — yo)? + 

(c) Function space, which consists of all real, continuous 
functions g(x) defined for a<x<b. The écart between two 
points, i.e., two curves, y=g;(x) and y=ge(x), is defined as 
max | 21(x)—go(x)|, a<x<b. 

We now turn from the “descriptive” properties of functions 
i. e., those concerned essentially with density, to metric con- 


siderations, which involve lengths and areas. 

The definition of a planar set of zero measure is analogous 
to that of a linear set of zero measure, which, we recall, is 
one enclosable in a denumerable number of intervals of ar- 
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bitrarily small total length. To cover a planar set we use 
rectangles instead of intervals, so that a set is of measure 
zero, if it is enclosable in a denumerable number of rectangles 
of arbitrarily small total area. 

Let S be a partial neighborhood of the point P; C,, a circle 
of radius r having P as center; and S,, the portion of S lying 
in C,; then if 


area S, 


lim 
~ area C, 

the set S is said to be a vanishing partial neighborhood of P. 
If, however, this limit does not exist, or if it exists and is 
different from 0, S is said to be a non-vanishing partial neigh- 
borhood of P. For instance, a sector of a circle is a non- 
vanishing partial neighborhood of the center ; while the area 
bounded by an arc of a circle and the two tangents at its ex- 
tremities is a vanishing partial neighborhood of the extremities. 
These are simple examples ; more complicated ones indicating 
better the diversity of possibilities may be constructed by 
means of I-regions consisting of a denumerable number of 
simple areas like polygons or circles. 

We shall say that the function g(x, y) is negligibly approached 
at the point P=(x, y) via the partial neighborhood S, if a 
sphere exists with P’=(x, y, g(x, y)) as center such that if 
T’ is the set of points of the surface z=g(x, y) that lie in the 
sphere, and T is the projection of T’ upon the xy-plane, then 
the portion of T that lies in S is of measure zero. 

We may now state the following theorem :* 

Let g(x, y) be a real, single-valued function defined for the 
entire xy-plane. Then the set of points of the xy-plane that 
possess a non-vanishing partial neighborhood via which g is 
negligibly approached ts of zero measure. 

In other words, if we are blind to what happens at the points 
of a certain set Z of zero measure, there is visible at every 
point P of the surface z=g(x, y) an appreciable clustering 


* TRANSACTIONS, loc. cit. 
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of the points of the surface via every non-vanishing neigh- 
borhood of P, appreciable, in the sense of non-negligible 
approach. Again (and now from the point of view of measure) 
a remarkable degree of regularity. 

We shall mention one more property, which reveals even 
more strikingly the smoothness inherent in every function. 

To this end, we first extend our definition of measure. 
Let S be a point set contained in a rectangle of area a; and 
C, the complementary set with respect to the rectangle, i. e., 
the set of points of the rectangle not belonging to S. Then 
we say that S is of exterior measure k if (1) it is possible to 
cover S by means of a denumerable number of rectangles of 
total area exceeding k by as little as we please ; and (2) it is 
impossible to cover S by means of a denumerable number of 
rectangles of total area less than k. Similarly, we define the 
exterior measure m of the complementary set. These num- 
bers k and m always exist. Not so, however, with the measure 
of S;it may or may not exist. For it may happen, as examples 
have shown, that k+m>da; in this case, it is not possible 
to assign a measure to S that may, without involving essential 
contradictions, be regarded as a generalized length. On the 
other hand, if k+m comes out equal to a we define k as the 
measure of S. In case the exterior measure is zero, the 
measure always exists; this is why it was not necessary, in 
connection with sets of zero measure, to refer to the possi- 
bility of non-measurable sets. 

Let now e be a positive number ; P=(é, ), a point of the 
xy-plane ; and Mp,, the set of points (x, y) such that | g(x,y) — 
g(&, )|<e. Let C be a circle of the xy-plane having P as 
center and r as radius; and Mp,c, the subset of Mp, that lies 
in the circle C. Then if 


exterior measure of Mpc 


area of Cc 


lim 


’ 


the set Mp, is said to have the exterior metric density 1 at 
the point P. In this case—and from the point of view of 
regarding, for the nonce, the exterior measure as representing 
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the metric extent of a set—the set Mp, has the maximum 
possible metrical clustering about the point P; and in case 
the exterior metric density does not exist or is different from 
1, the metrical clustering is deficient. Now it may happen 
that the function g(x, y) and the point P are such that for 
every €>0 the set Mp, has 1 as its exterior metric density 
at P. In this case, we say that g(x, y) is quasi-continuous 
at P--the term quasi referring to our use of exterior measure 
instead of measure.* 


We may now state the following property :f 


The function g is quasi-continuous except at the points of a 
sel of zero measure. 

The metric properties of unconditioned functions may also 
be extended to many-valued functions. While they hold for 
all euclidean spaces of a finite number of dimensions, their 
extension to a space of a denumerable number of dimensions 
would require a satisfactory definition of measure for such a 
space; this is, at present, wanting. A general space can, of 
course, be defined by means of postulates for which the 
metric theorems hold, but these postulates would be more 
stringent than in the case of the descriptive theorems, where 
comparatively few and simple conditions were found adequate. 

In closing, I shall mention several properties of a third 
type concerning unconditioned functions. As before, these 
properties hold for single-valued functionsg (x1, x2, , 
of n variables defined at every point of -space. 

Sis the set of points where a given function g (x1, X2, 
is continuous, there exists an infinite sequence I;,I2, - --, of I- 
regions such that S is the aggregate of points common to them 


* In case measure were used, we could properly regard g(x, y) as 
essentially continuous, from the point view of the convention that sets 
the zero measure may be regarded as negligible. 

{7 TRANSACTIONS, loc. cit. 

t For the case of one variable, see W. H. Young, Uber die Einteilung 
der unstetigen Funktionen und die Verteilung ihrer Stetigkettspunkte, WIENER 
SITZUNGSBERICHTE, vol. 112, Abt. IIa, p. 1307; for the general case, H. 
Blumberg, On the characterization of the st of points of -continuity, 
ANNALS OF MATHEMATICS, (2), vol. 25 (1923), p. 118. 
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all. Conversely, if S is representable as the common part of a 
sequence of I-regions, there exists a function g(x1, X2, +--+ , Xn) 
such that g is continuous at the points of S and discontinuous 
elsewhere. 

With the aid of the various types of saltus, we may define 
other types of continuity. A function is continuous in the 
ordinary sense, if its ordinary saltus is zero. In similar manner, 
we say that a function is f-continuous, d-continuous, e-con- 
tinuous,* or z-continuous at a point P if its f-saltus, d-saltus, 
e-saltus, or 2-saltus respectively vanishes at P. And we have 


the following theorem,j in which we may substitute for the 
letter X any one of the four letters f, d, e, or z: 

The set of points where a function of n variables 1s \-conti- 
nuous 1s representable as the common part of an infinite sequence 
of I-regions; conversely, if S is representable as the common 
part of a sequence of I-regions, a function exists that is d- 
continuous at every point of S and d-discontinuous elsewhere.} 


STATE UNIVERSITY 


* The e-saltus arises when exhaustible sets are regarded as negligible. 
t Blumberg, ANNALS, loc. cit. 

t The following articles,—all in the FUNDAMENTA MATHEMATICAE,— 
which the writer had occasion to see during the course of publication of 
the present address, belong in whole or in part to our subject: W. Sier- 
pifiski, Sur une généralisation de la notion de la continuité approximative, 
vol. 4 (1923), p. 124; A. Rajchman and S. Saks, Sur la dérivabilité des 
fonctions monotones, loc. cit., p. 204; S. Saks, Sur les nombres dérivés des 
fonctions, vol. 5 (1924), p. 98; S. Kempisty, Sur les fonctions approximative- 
ment discontinues, vol. 6 (1924), p. 6. 


FACTOR STENCILS 


ON THE CONSTRUCTION OF FACTOR STENCILS* 
BY D. N. LEHMER 


The simple observation that if A and B are any two entries 
in a table of linear forms then the product AB is also an entry 
is of great importance in connection with the computation of 
such tables, as was pointed out in a previous paper. The 
consequences of this theorem are of even greater importance 
in the construction of factor stencils, rendering unnecessary 
the computation of stencils for composite residues, and furnish- 
ing a valuable check on the accuracy of the work at every 
stage. 

A factor stencil consists of a sheet of paper ruled in squares, 
each square representing a prime. In the stencils which the 
author is at present constructing under the auspices of the 
Carnegie Institution of Washington there are fifty columns 
and one hundred rows, which give a cell for each of the five 
thousand primes listed on the first page of his List of Primes, 
and includes all the primes from 1 to 48,593. For a given 
number a stencil is made which has holes punched in those 
squares which correspond to primes which have that number 
for a quadratic residue. The mere superposition of two dif- 
ferent stencils will give at a glance the list of primes having 
the two corresponding numbers for residues. The problem of 
factorization is thus reduced to the problem of finding quad- 
ratic residues. 

For each stencil there is a “conjugate” stencil obtained by 
punching out the squares left unpunched in the original. A 
stencil and its conjugate when superposed allow no holes to 
appear. We express this by the notation (A)(A’)=0. If a 
new stencil is constructed by first cutting all the holes of A 
and then afterward all the holes of B the new stencil will 
show all the holes of A and B. We express this by the notation 


*Presented to the Society, San Francisco Section, October 31, 1925. 
This BuLLetin, vol. 31 (1925), pp. 497-498. 
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(A)+(B)=(C). In particular we have all the holes of the 
stencil cut when we add a stencil and its conjugate, which we 
express by (A)+(A’)=1. It easily follows also that (A)(A) = 
(A). Now the theorem referred to in the first paragraph will 
give also the important equations (AB) =(A)(B)+(A’)(B’) 
and (4AB’)=(A)(B’)+(A’)(B). Thus, for example, the 
stencil for 15 is obtained by superposing the stencils for 3 and 
5 and cutting out the holes that appear through each and then 
afterward superposing the conjugates of the stencils for 3 
and 5 and cutting the holes that appear through each. 

It is easily shown also that the distributive law holds for 
these operations. The formula for the stencil for the product 
of three factors is found to be 
(A BC) = (A)(B)(C)+(A)(B’)(C') + (A’)(B)(C) (B)(C). 
If in this we put (B) =(C), the third and fourth terms drop out 
since (B)(B’)=0. Also, since (B)(B)=(B) the right side 
reduces to (A) [(B)+(B’)]=(A), which is the well known 
theorem that the set of linear forms for the residue A B? is 
the same as for the residue A. Similarly for four factors we get 
(A BCD) =(A)(B)(C)(D) +(A’)(B’)(C)(D) +(A’)(B)(C’)(D) 

+ (A)(B’)(C’)(D) + (A)(B’)(C)(D’) + (A) (B)(C’)(D’) 
+ (A’)(B’) (C’) (D’); 
if we now let (B)=(C), using the same relations as before, 
we have (A)(D)+(A’)(D’), which is (AB), as it should be. 

From these developments comes a valuable check on the 
construction of the stencils. Thus the stencil for 21 may be 
obtained from the combinations of the stencils for 3 and 7 and 
their conjugates. It may also be obtained by combining the 
stencils for 15 and 35. The first method does not involve the 
use of the stencil for 5 and if that stencil contains any error we 
may look for a discrepancy in the results. 

The device for cutting the stencils is already constructed 
and the stencils for —1 and for +2 and —2 with their conju- 
gates are already completed.* The cutter will make as many 
as twenty-five copies at a time. 


Tue UNIVERSITY OF CALIFORNIA 


* Some fifty stencils are completed at the time of printing of this paper. 


SECOND LAW OF THE MEAN 


NOTE ON THE SECOND LAW OF THE MEAN 
FOR INTEGRALS* 


BY J. TAMARKIN AND C. E. WILDER 


The second law of the mean may be stated as follows: 

Given f(x) a monotonic function and g(x) an integrable func- 
tion in the interval asx<b. Then there always exists a value of 
x, x=E&, of the interval such that 


b b 
dx = so) f dx +70) g(x) dx. 


It is the purpose of this note to prove that & may always be 
chosen interior to the interval. 

For convenience of proof we may assume without loss of 
generality that f(x) is defined at every point of the interval, 
that it is a monotonic increasing function, and that two 
values of x, x=, x=e€, 4<e, exist interior to the interval 
such that f(a) <f(n) <f(e)<f(b). We shall then assume that 
£ equal to one of the end points, say a, is a known possible 
choice, and we shall prove that in this case a choice of £ interior 
to the interval is also possible. We then have 


(2) f ax . 


Since ¢(x) is integrable, we may set 


g(x) = dx , 


and g(x) is then continuous. Integrating by partsf the left 
hand side of (2), we obtain 


* Presented to the Society, September 11, 1925. 
j Hobson, The Theory of Functions of a Real Variable, 2d ed., vol. 1 
(1921), pp. 607-608. 
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b b 
f(a)o(x) dx = f(b) p(x) dx — a(x)d f(x). 


Hence the necessary and sufficient condition for the existence 
of relation (2) is 


b 
(3) g(x) df(x)=0. 


By subtracting (1) from (2), we obtain for the necessary and 
sufficient condition for the existence of a & interior to the in- 


€ 
dx=0, 


which may be written g(£)=0. If we then deny the existence 
of such a point £ we have g(x) £0 in the interior of the interval. 
Since g(x) is continuous it is then of constant sign in the inter- 


terval 


val and we may assume it positive. Then 


b 
g(x) df(x) = g(x) df(x). 


But in this latter interval g(x) is everywhere positive and so 
has a lower limit G>0. Hence 


df(x) 2 cf df = G[f(e) — f(a) |>0. 


So we are led to a contradiction with (3), and it follows that the 
existence of the required interior point £ is proved.* 
DARTMOUTH COLLEGE 


* Since Ja g(x)df(x) is a Stieltjes integral the equation (3) holds when 
for f(b) we put any number B> f(b—0) and consequently the discussion of 
this note holds for the more general form of the second law of the mean of 
Du Bois-Reymond, Pringsheim, and de la Vallée Poussin. See Pringsheim, 
MincHENER SiTZUNGSBERICHTE, vol. 30 (1900), p. 211; and de la Vallée 
Poussin, Cours d’Analyse Infinitésimale, 2d ed., vol. 2 (1912), pp. 54-55. 
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ON A CERTAIN FUNCTIONAL CONDITION* 


BY J. P. BALLANTINE 


A mean, x3, between two numbers, x; and x2, is obtained by 


use of the formula 
(1) Pif (x1) + pof (x2) = (pit p2)f (xs), 


where p; and 2 are arbitrary weights and f(x) is any of several 
functions. If the function chosen is x itself, the resulting mean 
is the arithmetic mean; if 1/x, the harmonic mean; if log x, the 
geometric mean; if x? the mean-square. Since this terminology 
affords no hint for a generalization, we may as well call the 
general mean given by (1) the f-mean. 

We have named all the means in common use. Why not, 
by use of the above generalization, extend the notion to, say, 
the “‘sine-mean’’? This will probably not be done, principally 
because the proposed mean does not possess a certain useful 
property which is characteristic of all the ordinary means. 
This pfoperty is simply that multiplication of x; and x2 by any 
constant results in the multiplication of x3 by the same con- 
stant. 

Let us study this property, and see what conditions it im- 
poses on the function whose mean possesses it. We will replace 
(1) by the symmetrical equations 


(2) Dif (41) + (x2)+ paf(xs) =0 
i pit po2tps=0. 
The desired properiy is expressed by 
(3) pif (axi)+ pof(ax2)+ paf(axs)=0, 


where fi, po, P32, X1, X2, X3 are any set of numbers satisfying (2), 
and ais any constant. We desire to find all functions f(x) which 


* Presented to the Society, May 2, 1925. 
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are such that, for every value of a, every set of numbers f1, po, 


D3, X1, Xe, X3 satisfying (2) also satisfies (3). 

It will be no very regrettable further restriction on f(x) 
to require that its derivative exist, at least in some interval. 
Assuming x;,X2, and x; to lie in that interval, we will differen- 
tiate (3) with respect to a and set a=1; this gives 


(4) Piri (x1) + poxe (x2) + paxaf’(x3)=0 


Though in the first paragraph we supposed, in (1), x1, 2, fi, 
and p2 given and x; to be found, it is clear that after x3 is 
found what we have is simply a set of numbers x1, x2, 3, p1, 
p2, and p3 satisfying (2). There is also perfect symmetry 
among the subscripts 1, 2, and 3, so that by permuting the 
weights ~;, p2, and p3 any x is a mean between the other two. 
In obtaining the set of six quantities satisfying (2), it makes no 
difference which are taken arbitrarily and which are computed. 
It can easily be shown that, if we take x, x2, and x3 arbitrarily, 
there exists a set of numbers p1, p2, and p3, not all zero, satis- 
fying equations (2). For, if f(x1) =f(x2) =f(x3), any set satisfy- 
ing the second equation of (2) satisfies the first, while if this 
is not the case, the two-row minors of the matrix of coefficients 
of pi, pe, f3, in (2), will not all vanish, and hence a solution 
Pi, Pe, P3, not all zero, exists. 

Let us suppose, then, that x1, x2, and x; are taken arbitrarily. 
We have shown that there exists a set p1, po, p3, not all zero, 


which together with the assigned x1, x2, x3, satisfy (2). There- 


fore, by the condition imposed on f(x), this same set of six 
quantities satisfies (3) and hence (4). A necessary condition 
for the existence of pi, peo, pz, not all zero, satisfying (2) and 
(4) is 
1 1 
(x2) f (x3) 
x1f’ (41) xof"(x2) 3 f’ (x3) 


r, x; and x; are fixed, and x; is taken as the variable x, 


5) reduces to a differential equation of the form 


6) 


\ 
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If A =0, f(x:) =f(xe2), whence, from (2), f(x3) =f(x:) for all 
values of x3, i.e., f(x) is a constant, a trivial case. 
If A440, and BO, the solution of (6) is 


4) = = 


where K is arbitrary, and n=~—B/A. If n=1, the above 
function produces the arithmetic mean; if m= —1, the harmonic 
mean; and if 2=2,the mean-square. The values of K, B, and 
C (except the effect of Bon m) have no effect on the correspond- 
ing f-mean. 

If A+0 and B=0, the solution is 


—C log x 
K, 


where K is arbitrary. For all values of C, A, and K, the corre- 
sponding f-mean is the geometric mean. 

Therefore, excluding additive and multiplicative constants, 
which obviously have no effect on the corresponding f-mean, 
the only functions having the required property are x" and 
log x. Direct verification shows that both of these functions 
have the required property. 

CotumBIA UNIVERSITY 


B. C. WONG {Mar.-Apr., 


ON THE CORRESPONDENCE BETWEEN SPACE 
SEXTIC CURVES AND PLANE QUARTICS 
IN FOUR-SPACE* 


BY B. C. WONG 


This paper proposes to show by means of an involutorial 
quartic transformation in space of four dimensions a certain 
correspondence between certain space sextics and plane quar- 
tics. The transformation is effected by four quadric varieties. f 
To a point is made to correspond the intersection of its polar 
spaces with respect to the quadric varieties. If a point de- 
scribes a line, a plane, or a 3-space, the corresponding point 
describes a quartic curve, a two-dimensional surface of order 
6, or a three-dimensional variety of order 4, respectively. The 
locus of points which transform into lines is the surface Jy’ 
(of dimension 2 and degree 10) and the locus of these lines is 
Kr (of dimension 3 and degree 15). The J is the Jacobian 
of the | M3\, images of the S3 of S;. The former is the four- 
fold two-dimensional surface on the latter and the latter is 
generated by the quadri-secants of the former. 

Consider a fixed plane gz. It has 10 points P in common 
with Fie The surface ¥ into which g2transforms is intersected 
by a 3-space S; in a sextic curve . The quartic variety ss 
corresponding to S; is met by ge in a quartic vi through P. 


The transform of y} is a degenerate curve of the 16th degree in 


4-space made up of 10 lines corresponding to the 10 points P 
and the sextic re which is in S3. This sextic r is said to corre- 
spond to the plane quartic 7}. 

The 10 points P in o2 determine ©* quartics; correspond- 
ingly, 2 determines with the «4 3-spaces in 4-space 04 sex- 


* Presented to the Society, San Francisco Section, April 3, 1926. 

t N. Alderton, Involutory quartic transformation in space of four 
dimensions, UNIVERSITY OF CALIFORNIA PUBLICATIONS IN MATHEMATICS, 
vol. 1, No. 15, pp. 345-358. 
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tic curves. Two 3-spaces S; and S;’ transform into two 
hyperquartic surfaces S3 and S;’ which determine with o2 two 
quartics yj and yi through the 10 points P and 6 other points Q. 
The points Q are, in fact, the intersections of ¢2 and the trans- 
form 23’ of the plane a determined by S; and Sj. These 16 
points P and Q form the basis of a pencil of quartic curves; 
correspondingly, the plane a} is the basis of a pencil of 3- 
spaces each containing a sextic curve. 

Of all the quartics through the points P in oz some are uni- 
cursal and others are of deficiency 1, 2, 3. Suppose yj is 
trinodal. Then the corresponding If has three real (as dis- 
tinguished from “‘apparent’”’) double points and is the inter- 
section of 2} and a triply tangent space S;. The number of 
apparent double points is 7. Similarly, a 3-space which is 
simply-, or doubly-tangent to 23 gives rise to a sextic with one, 
or two nodes corresponding to a quartic in o2 with one, or 
two nodes respectively. 

Among the quartics through P in o2 there are many de- 
generate ones, and these transform into degenerate space 
sextics. Of interest are those made up of pairs of conics, each 
pair having one component through five points of P and the 
other through the remaining five. The sextic corresponding 
to such a degenerate quartic is composed of two space cubics 
having in common four points which are the transforms of the 
four points of intersection of the two conics. Its space is quad- 
rup!y tangent to =. Through the 10 points P, 252 conics can 
be drawn and they form 126 pairs of degenerate quartics of 
this type. Hence there are 126 3-spaces which are quadruply 
tangent to 23, each containing a I'{ composed of two twisted 
cubics with four points in common. 

It is to be noted that there are other quadruply tangent 
3-spaces but they intersect >} in different types of degenerate 
sextics. For example, a quartic in 7, composed of a line through 
two points of P and a nodal cubic through the remaining eight 
gives rise to a sextic whose components are a conic and a 
twisted quartic with a real double point having three points in 
common. These three common points and the node on the 
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quartic are the four points of contact between the 3-space con- 
taining the sextic and 3. Or, it may happen that 6 of the 10 
points P lie on a conic x*. This conic x? and any conic x?’ 
through the remaining 4 points of P form a degenerate quartic 
whose transform is a degenerate sextic made up of a conic 
Ki anda quartic K} having four points in common. If x?’ isa 
line pair, then the quartic Kj decomposes into a pair of conics 
with one point in common. Each of these two component 
conics has two points in common with Ki. The sextic is now 
composed of three conics and its space is quintuply tangent 
to 

Now suppose the 3-space S; contains the plane ge. It inter- 
sects its own transform, Mj, in a quartic surface Jt: E is the 
Jacobian quartic surface of the four quadric surfaces in which 
S; meets the four quadric varieties used to effect the trans- 


formation. The transform 4 of a2 meets S3 in the sextic whose 
points are in one to one correspondence with the quartic vi 
common to a2 and J;. The quartic vi passes through the 10 
points P and the 6 points Q which are on =} and therefore on 


the sextic As varies in varies on J>. Corre- 
sponding to the 3 plane sections of J} there are 2? sextics 
on J>.* Any pencil of planes in S; gives rise to a pencil of 
sextics through four points which correspond to the four points 
in which the axis of the pencil of planes meets J>. A further 
discussion of this configuration is unnecessary as it is a con- 
figuration in a three-dimensional space and is well known. 
THE UNIVERSITY OF CALIFORNIA 


* The totality of sextics on J2 is <0 * but only «©? of them correspond to 
plane quartics whose planes lie within S3 and the others correspond to plane 
quartics whose planes are not contained in S3. 

t Jessop, Quartic Surfaces, Cambridge Press, 1916, Chapter IX. 
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ON [RREDUNDANT SETS OF POSTULATES* 
BY H. M. GEHMAN 


In his paper On irredundant sets of postulates,t Mr. Alonzo 
Church gives a mechanical methodt by which any set of postu- 
lates can be made irredundant. This method in the general 
case is as follows. Given a set of postulates A;.A2, - - -,An- 
Form the set of postulates B,;, B,, - - -,B,, where Bs=A, 
and for each 7(i= 2,3, - - -, m), B; denotes the proposi- 
tion if Az, - - -, then Aj. 

Obviously the negatives of any two postulates of the set 
[B] are contradictory. Hence to show that the set [B] is irre- 
dundant, we need merely show the postulates independent by 
showing for each i(i=1, 2, - - -, m), an example in which 
B; is false. This requires the existence of examples exhibiting 
these characteristics in terms of the set [A]: Ai, Ao, - - -, 
A;_, true, A; false, for each 7. 

Even if the postulates of set [A] are not independent, the 
postulates of set [B] are independent (and irredundant), except 
when a relation exists of this form: 


(I) IfAn,, Anz, +--+, then An, 
for -<mi<mSn, 


in which case the postulates of set [B] are not independent. 
We have here a new method of obtaining independence 
among postulates. Given any set of n postulates [A] which can 
be arranged in a sequence such that no relation of form (1) exists. 
The set [A] can be replaced, without losing any implications, by 


* Presented to the Society, October 31, 1925. 

{7 TRANSACTIONS OF THIS SocrETY, vol. 27 (1925), p. 318. A set of 
postulates is irredundant if the postulates are independent and the negatives 
of every two are contradictory. 

t Loc. cit., p. 321. Church confines his remarks to the case where the 
postulates are independent. 
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the set of n postulates |B), obtained as described above, which are 
irredundant and therefore independent. If anyone desires to 
use this method, he has the author’s permission to do so. 

We shall give a few examples in which this method may have 
been used. In the examples, we shall use the following abbre- 
viations: JN is the set of all numbers. An S-set is a set of 
numbers (not null) such that every number in the set has a 
successor in the set. A 7-set is a set of numbers (not null) 
such that every number in the set is successor of some number 
in the set. An S7-set is a set which is both an S-set and a 
T-set. 


EXAMPLE 1. Church* gives an example of an irredundant 
set of postulates for a system of a finite number of elements 
arranged in cyclic order. Using the above notation, it is easily 


seen that these postulates are the following: 

B,. An S-set exists. 

B,. If an S-set exists, N is the only S-set. 

These evidently may be derived by the mechanical method 
from the following postulates: 

A. An S-set exists. 

A,. N is the only S-set. 

Since Az implies A,, no implications are lost if we replace 
the set of postulates [A], or the set [B], by the single postulate 
A>. 

EXAMPLE 2. Churchf gives an example of an irredundant 
(and categorical) set of postulates for the system of positive 
and negative integers. Using the above notation, it is easily 
seen that these postulates are the following: 

C,. An S-set exists. 

C2. If an S-set exists,f some proper part of N is an S-set. 

C3. If an S-set exists, an ST-set exists. 

C,. If an ST-set exists, N is the only ST-set. 


* Loc. cit., p. 321. 

t Loc. cit., p. 323. 

t We can evidently replace the assumption if N is an S-set, by the 
assumption if an S-set exists, without adding or losing any implications. 
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Since the hypothesis of C, carries with it the hypothesis if 
an S-set exists, it is evident that the postulates C,, C3, C, 
may be derived by the mechanical method from the following 
postulates: 

An S-set exists. 

A». An ST-set exists. 

A3. N is the only ST-set. 

Since A; implies A2, and Az implies A;, no implications are 
lost, if we replace A1, A2, A; or Ci, C3, Cy by the single postu- 
late A3;. That is, the set of postulates A3, C2 yields the same 
implications as the set [C]. Moreover, this set is irredundant, 
since the logical relation exists that if N is the only S-set, then 
N is the only ST-set.* 

But if we desire a categorical set of postulates for the system 
of positive and negative integers, that is independent but not 
irredundant, (which in this case implies that the set is com- 
pletely independent), such a set is the set consisting of A; and 
the conclusion of C2, that is: 

D,. N is the only ST-set. 

D,. Some proper part of N is an S-set. 


As Churchf has pointed out, the question arises to what 
extent it is possible to obtain irredundant sets of postulates 
which are not open to the objection that they are formed by 
the mechanical method. Both of the above examples are open 
to this objection, and to the further objection that they are 
formed by the mechanical method from a set of postulates 


which are not independent. 


NATIONAL RESEARCH FELLOW IN MATHEMATICS, 
THE UNIVERSITY OF TEXAS 


* Church, loc. cit., p. 323. 
t Loc. cit., p. 321. 
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ON THE SOLUTION OF HIGHER DEGREE 
ALGEBRAIC EQUATIONS* 


BY GLENN JAMES 


1. Introduction. In this paper, we first solve for a real root 
of the general algebraic equation with real coefficients and 
negative constant term. This root appears as the limit of a 
function defined by a certain recursion formula. Ordinary ra- 
dicals are special forms of it. By means of this result and the 
notation of repeated resolvent equations, we then outline a 
theoretically possible: method of obtaining formulas for all 
the roots of any equation: 

2. The Least Positive Real Root. Consider the equation 


(1) + ---+an=0, 


where the coefficients are real and a,<0. At least one root of 
this equation lies between 0 and k where 


and no root as large ask:{ In order to simplify our work and 
our results, we subtract k from the roots of (1) then make _use 
of the interval —k to 0. The new equation is 


(2) ---+a,=0. 


We now denote the left member of this equation by f(x) and 
make use of the interpolation formula 


3) —= -— m=—k. 

* Presented to the Society, San Francisco Section, April 4, 1925. 

t J. L. Walsh, (ANNALS oF Matuematics, (2), vol. 25, No. 3, p. 285) 
proves that in the complex plane the roots all lie within or on a circle about 
the origin having this expression for a radius. This can be proved for 
real values by direct substitution. 
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This takes the form* 
— 


(4)— 


where 

(5) o2(k) +--+ 
Hence 

(6) p= , 
where 


Now if the second member of (3) approaches unity as x, 
approaches some limit, say 7, then 7 is a root of (2), for then 
lim,,_,r f(xp-1) =0. It will suffice to show that x, is always 
negative, never decreases and does not approach zero. 

The second member of (6) is negative whenever x,_12 —, 
for the binomials in the denominator are then positive, the 
numerator is positive by virtue of our choice of k, and the 
coefficients, $;(k), are positive, since k is of the form |a;| 
+V -+W a;|+c, where c>0. Comparing (6) 
and the same relation between x,,1 and x, it is easily seen that 
Xp412Xp, provided x,2x,12—k. In the case p=2, the 
latter inequality holds. For we have x,=—k, whence 


, 
and the inequality 
—n(k)/n—1(k) 2 —k 


reduces to a,50. From (6) it can be seen that x, cannot 
approach zero for it cannot exceed —¢,(k)/0,-1(k) since xp-1 
cannot be positive, and the numerator of this fraction cannot 


* The denominator is most easily thrown into this form by the follow- 
ing device. Replate xp_1 by y—k and call the result F(y). Then put F(y) 
in the form (y—k)Q(y)+ F(z). Now replace y by xp-_ itk and note that 
F(xp-1t+k) =f(xp-1) and F(k) =f(0). 
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ke zero since k is greater than the upper limit of the roots of (1). 
Using (6) as a recursion formula, we can now set up the func- 
tion which is a root of (2). Substituting the above value of xz 
in the second member of (6), we obtain 


= J; 
similarly 
The limit of this process can well be written in the form 
- 


We shall denote this by J[a:, -- a,, R]. 

One root of equation (1) is then I[a;, a2,---, Gn, kJ+R. 
Obviously this is the least real, positive, root of that equation. 
Moreover, since by changing the sign of the roots we can 
‘make the constant term negative in an equation of odd 
degree, one real root of any equation except those in which 
the constant term is positive and the degree even takes the 


form 


n 


, 


a 


where 


3. The Roots of Any Equation. Suppose that, in equation (1), 
n takes the form 2‘m where m is odd. Then the degree of 
the resolvent equation of (1), being ,C2, takes the form 2'“'m’ 
where m’ is odd. Now forming the resolvent of the first resol- 
vent, then the resolvent of the second, etc., we finally arrive at 
the ¢ th resolvent which is of odd degree. Having solved this 


* It is of interest to note that, when a;=a2= - - - =dn_-,=0, this is the 
real, nth root of | a, | if n is odd and the positive, real, nth root of this num- 
ber if m is even and a, is negative, the rapidity of the convergence of the 
defining sequences depending upon our choice of k. 


| 
i+l 
A;= |- -| ai. 
la, | 
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equation for one root we are then able to find 2 roots* of the 
(¢—1)th resolvent and 2‘ roots of the original equation. The 
procedure for finding the m remaining roots is obvious. 

It is a fairly simp!e matter to write out formulas, by this 
method, for the roots of equations of lower degree than the 
sixth, but for higher degree equations the work becomes ex- 
tremely complicated. 


UNIVERSITY OF CALIFORNIA, SOUTHERN BRANCH 


THE CONDITIONS FOR A FIXED POINT IN 
PROJECTIVE DIFFERENTIAL GEOMETRY 


BY A. L. NELSON 


1. Introduction. In the projective differential geometry of 
Wilczynski, as applied to various special theories, a local 


frame of reference is found to be useful. When theoremsf which 
involve fixed points are proved by Wilczynski’s methods, the 
conditions satisfied by the coordinates of such points, referred 
to such local frames, are naturally of importance. It is a con- 
spicuous fact that these conditions invariably involve the 
adjoint system{ of differential equations. This fact the 
present paper undertakes to explain. 


* This requires the solution of odd degree equations only. See On the 
solution of algebraic equations with rational coefficients, AMERICAN MATHE- 
MATICAL MONTHLY, June, 1924, p. 286. 

¢ See A. F. Carpenter, Some fundamental relations in the projective differ- 
ential geometry of ruled surfaces, ANNALI DI MATEMATICA, (3), vol. 26 (1917), 
pp. 285 et seq. Also A. L. Nelson, Plane nets with equal invariants, REN- 
DICONTI DI PALERMO, vol. 41 (1916), pp. 251 et seq. 

t More precisely, geometric adjoint system, in the language of Green (cf. 
Memoir on the general theory of surfaces and rectilinear congruences, TRANS- 
ACTIONS OF THIS Society, vol. 20 (1919), p. 106). This will be further dis- 
cussed in §2. 

The term “‘system of differential equations’’ will be understood in this 
paper to mean “‘completely integrable system of partial differential equa- 
tions,” and to include the system of one or more ordinary differential 
equations as a special case. 
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The basic systems of differential equations used in the 
various special theories differ among themselves in respect to 
(1) the number of independent variables; (2) the number of 
dependent variables; (3) the number of arbitrary constants. 
The results of this paper hold for m independent variables, n 
being a definitely positive integer. For the sake of definiteness 
and convenience of notation, only the case of one dependent 
variable and four arbitrary constants will be discussed. The 
modifications necessary for the general situation are obvious. 


2. Geometric Adjoint Systems. In a given special theory, the 
geometric locus under consideration may be thought of as 
originally a point locus, the homogeneous coordinates of the 
generating point, P,, being any four linearly independent 
solutions of the basic system of differential equations. This 
basic system will be denoted by (y). But, dually, the locus 
may also be considered as a plane locus, and it becomes neces- 
sary to determine a system of the same type as (y) satisfied 
by the plane coordinates of the plane which corresponds to Py. 
Now neither the point coordinates of P, nor the plane coordi- 
nates of the corresponding plane are unique. This arbitrariness 
in the coordinates (y1, ye, ys, ¥s) of Py is reflected in the fact 
that corresponding to (y) there are «1 systems, all equivalent 
under the transformation y=)¥ (where X is a function of the 
independent variables), all of which correspond to the same 
point P,. A similar statement holds for the system dual to (y). 
Thus, in a general sense, we might (and will in this paper) 
apply the term geometric adjoint to any member of the «! 
systems satisfied by the «?! sets of coordinates of the plane 
dual to Py. 

If, however, we use only those coordinates of the dual plane 
which are absolutely cogredient with the point coordinates of 
P, under the transformation y=\¥, then, corresponding to a 
given system (y) there is only one geometric adjoint. It is in 
this restricted sense that Wilczynski* uses the term. It should 
be noted, however, that in this restricted sense, the Lagrange 


* Projective differential geometry of curves and ruled surfaces, Leipzig, 
B. G. Teubner, 1906, p. 138. 
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adjoint* of a linear homogeneous ordinary differential equation 
is not a geometric adjoint. 

3. The Conditions for a Fixed Point. Consider the points 
P,, P:, P,, Ps, whose coordinates, with reference to some 
fixed tetrahedron 7), are respectively (y1, ye, ¥4), (21, 22, 
23, 24), (P1, P2, Ps, Ps), (01, Os, Where 2;, p;, are such 
linear homogeneous functions of y; and its derivatives (i= 
1, 2, 3, 4) that the tetrahedron T, formed by these four points 
is non-degenerate. That is, we assume that, for certain ranges 
of values of the independent variables, the determinant 


V4 
22 
p2 p4 
02 


does not vanish. 
The functions 


(1) 6;=ay; + Bzi + ypi + , (i=1,2,3,4) , 


where a, 8, y, 6 are arbitrary functions of the independent 
variables, are the coordinates (with reference to 7) of an 
arbitrary point Py. With reference to T2, the coordinates of 
P, may be taken as (a, 8, y, 5). Solving equations (1) for these 
new coordinates, we have 

A-a@ = + &Y2 + 6:V3 + HY, , 

A + O02Z2 + 03Z3 + OZ, , 

A: + O2P2 + 03P3 + GPs , 

A = 0:21 + A222 + 0323 + , 


(2) 


where Y;, Z;, Pi, =; are the cofactors of yj, s;, p:, oi, in A. 
These equations show that the new coordinates of P; may be 
taken as 


(3) (26:V; , 20:Z; , 20;P; , 20;2;). 


Suppose now that P, is fixed. Then 4;, 02, 63, 64, its coordi- 


* Cf. Wilczynski, loc. cit., pp. 40 et seq. 


V1 
21 
A= 

Pi 
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nates with reference to 7, may without loss of generality* be 
assumed to be constants, and (for example) the first of the new 
coordinates (3), by the theory of differential equations, must 
be a solution of any completely integrable system of linear 
homogeneous partial differential equations satisfied by Y,(i= 
1, 2, 3, 4). In particular, if (Y) denotes that system satisfied 
by the }’s which is of the same type as (y), and if a similar 
notation holds for the other letters, then we have proved the 

TneoreM. If P, is fixed, then by a transformation of the type 
y=), the new coordinates of Py, with reference to the local 
tetrahedron T2, may be made to satisfy the systems (Y), (Z), (P), 
(=), respectively. 

Conversely, any solutions of (Y), (Z), (P), (=) are of type 
(3), where the @’s are constants, and the Y’s, Z’s, P’s, =’s are 
linearly independent solutions of (Y), (Z), (P), (©), respec- 
tively. Setting up equations similar to (2), and solving, we 
obtain (1), which show that a, B, y, 6 may be taken as the 
coordinates, with reference to 72, of a fixed point. 

The connection of the foregoing with the geometric adjoint 
is obvious. (¥1, Ye, V3, ¥s), (21, Z2, Z3, Zs), (Pi, Po, Ps, Ps), 
(X1, are plane coordinates of the faces of the tetra- 
hedron 7. In special theories, 72 is naturally taken in such a 
way as to make one of its faces, say (21, 22, Z3, Zs), the dual 
of P,, so that the system (2) is a geometric adjoint (in the 
unrestricted sense) of (y). Consequently we must expect to 


find that the coordinate 6 of the fixed point is a solution of a 


geometric adjoint of the original basic system. 
COLLEGE OF THE CITY OF DETROIT 


* A transformation of the type @=)9 will make them constants. 
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Linear Integral Equations. By William Vernon Lovitt. New York, 

McGraw-Hill Book Company, 1924. xiii+253 pages. 

This book is designed as a textbook on the subject of integral equa- 
tions for colleges and universities. It does not aim to be an exhaustive 
treatise. The book is very readable, is teachable in the main, and handles 
the subject in an interesting fashion. Of particular interest are to be found 
applications of integral equations to problems in heat, electricity, and 
sound. 

The Volterra and Fredholm theories are developed in detail. The 
Hilbert-Schmidt theory is also treated at length, together with important 
applications. In addition, the early chapters terminate in sets of exercises, 
which while presenting little opportunity for mathematical talent, never- 
theless furnish an opportunity for some drill in actually solving integral 
equations. 

There are a number of misprints in the book, most of them easily 
recognizable and not very important. At the end of the first chapter are 
to be found some linear differential equations with constant coefficients. 
Initial values y(0) and y’(0) are prescribed not only for the function and 
its first derivative, but also the value of the second derivative of the un- 
known function is preassigned. It is easily seen, however, that y’’(0) 
cannot be arbitrarily preassigned, but is determined by the differential 
equation in terms of y(0) and y’(0). In the third example on page 8, 
the value of y’’(0) is not compatible with the value given for y(0) and y’(0). 
The answers to the first three problems of this exercise are incorrect. 
The answer to the fifth problem is correct, provided initial values y(0)=1, 
y’(0)=1 are assumed and the last coefficient of the differential equation 
is changed from 5 to 8. In problem 14, page 22, the given equation should 
have the second ¢ under the integral sign changed to x, and the final 
equation given in the problem should have a minus sign on the right 
hand side. These corrections check with the values later given on page 68. 

In Chapter III, the author makes use of the system of algebraic equa- 
tions related to the given Fredholm equation. There is no attempt to pass 
to the limit, but the standard device is used of making the algebraic case 
merely serve as a guide. However, care must be taken to make the final 
guess at least plausible. For example, equation (9) at the bottom of 
page 26: 


b 
us) + f f(t) D(x, t; dt 


is to be inferred as the limiting form of the solution from 


1 
1(ti)=f(te) + Da fi D(tx, t; d)dt, 
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which is in turn obtained from the limit of a sum. The discriminating 
reader will, however, regard this as legerdemain, since ¢, is throughout 
the discussion the &th point of subdivision of the interval (a, 6). Hence 
as m increases without limit, ¢, approaches a and the limiting form which 


is obtained is 


1 
= f(a) + — (t) D(a, t; d)dt 
u(a)= fla) + (a, #5 
a 


instead of the desired equation (9). By the aid of the Duhamel-Moore 
theorem,* not only can such difficulties be obviated, but the actual pas- 
sage to the limit can be encompassed. This the reviewer has carried 
through in using this book for class work. 

An observation should be made concerning the discussion of Dirichlet’s 
and Neumann’s problems. The author obviously wishes to confine him- 
self to the very simplest kind of plane region. He considers only regions 
with boundaries consisting of a curve with a continuously turning tangent 
at every point. It is to be noticed that without introducing any com- 
plexities, we may with the material at hand in the text, establish the same 
results for a region whose contour consists of a finite number of pieces of 
arcs with continuously turning tangents. The significance of this slight 
extension is apparent, when we consider that we have included the case 
of a region in the form of a square. 

Finally, it would have been stimulating in a special text of this kind, 
to have included not only reference to treatises and other texts on this 
subject, but to have given references to original sources, especially those 
which have now become classical. In the preface, the author acknowledges 
his indebtedness to Professor Oscar Bolza (now of the University of 
Freiburg, formerly of the University of Chicago) for the free use of notes 
on a course delivered by the latter on Integral equations during the summer 
of 1913 at the University of Chicago. 

The book as a whole is to be recommended as an excellent text for 
class use. 

E. T. ETTLINGER 


* Cf. R. L. Moore, On Duhamel’s theorem, ANNALS OF MATHEMATICS, 
(2), vol. 13 (1912), pp. 161-166. Also H. J. Ettlinger, A simple form of 
Duhamel’s theorem and some new applications, AMERICAN MATHEMATICAL 
MontTuey, vol. 29 (1922), pp. 239-250. 
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Einftihrung in die Determinantentheorie einschliesslich der Fredholmschen 
Determinanten. By Gerhard Kowalewski. Berlin, Walter de Gruyter 
and Company, 1925. Second, abridged edition. iii+304 pages. 


This book has gained recognition as a classic in its field. The first 
edition appeared in 1909 and was reviewed chapter by chapter in consider- 
able detail by Bécher, in this BULLETIN, (vol. 17 (1910) pp. 120-140), 
with high commendation. It is to be deplored that for certain reasons of 
the publishers, an abridged, instead of an enlarged, edition was found 
necessary. The thirteenth chapter on elementary divisors, the sixteenth 
chapter on infinite normal determinants, and the nineteenth chapter on 
the characteristic functions of a real, symmetric kernel, found in the first 
edition, have been entirely eliminated. The chapter on the Fredholm 
theory has been cut down and at numerous points throughout the book 
explanatory material has been omitted. These changes other than the loss 
by omission of useful material have in no way detracted from the useful- 
ness of this excellent treatise. H. J. ErTLINGER 


Lezioni di Calcolo Infinitesimale. By Ernesto Pascal. Milano, Ulrico Hoepli. 
Part II, 5th edition, 1924. viii+330 pages. 


This new edition of Pascal’s well known Lezioni appears to be a reprint 
of the 4th edition, which was reviewed along with Parts I and III in the 
Buttetin for July, 1922. The opportunity offered by the need for a new 
printing seems to have been used to correct some of the misprints of the 
earlier edition, to introduce new ones (see (x—b),f(x) on p.16 or Sf f(x,y) 
dxdy on p. 166), and to repeat a few of the old friends (see [y+¢'(p)'dp//dx 
on p. 260, or dz,/dx on p. 322). But they are all unimportant and do not 
detract from the great usefulness of the book. 

A. DRESDEN 


Unendliche Reihen. By Kuno Fladt. Mathematish-Physikalische Biblio- 
thek. Leipzig and Berlin, B. G. Teubner, 1925. 52 pp. 


We have in this modest volume a pleasing account of the fundamental 
principles of infinite series. The material presented is what one would ex- 
pect to find, and it is enriched by historical notes and references to the litera- 
ture. The exposition is clear and rigorous; examples are given, and also a 
moderate number of exercises. The pamphlet seems to be an excellent 
introduction to the theory, and every beginner in analysis would be for- 
tunate if he could have in his native language, a volume that embraced so 
much in so small a compass, and did it in so pleasing a way. 

K. P. WILLIAMS 
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nal \Vorld Maps. By Oscar S. Adams. 


e, U.S. Coast and Geodetic Survey, 
sovernment Printing Office, Wash- 


Somewhat more than half of this interesting pamphlet is devoted to the 
and formulas for the elliptic functions 
arising from the cubic curve x*+ y'=1. The methods and results are 
mostly modifications and simplifications of those in standard treatises on 
elliptic functions. 

The remainder of the work deals with the applications of the foregoing 
theory to a number of conformal projections of a sphere on a plane with 
special attention to several valuable ones which the author believes to 
be new. The publication concludes with sets of tables for these pro- 


derivation of the principal theorems 


jections. 

The text is written largely from the point of view of the needs of the 
cartographer. The mathematician will find it of value chiefly as a study 
of an interesting practical application of the theory of elliptic functions. 

C. H. SisaM 


The Elements of Mechanics. By F.S. Carey and J. Proudman. London, 

Longmans, Green and Co., 1925. 314 pp. 

The book starts with kinematics treated from a geometric point of 
a point of view which is carried so far that what they call speed- 
acceleration is defined as the slope of the time-speed graph, and velocity- 
acceleration as a velocity on the hodograph. Along this same line, in 
illustrating speed as the slope of a curve, the authors make the curious 
statement that “it is important that the student realize that in the concept 
of speed, we divide a distance by a time.’”’ This should give pause even to 
one who would accept the corresponding statement concerning the measure 
of a speed. 

The early chapters cover the ideas of velocity, acceleration, projectiles, 
relative motion, and general kinematics. Then comes a chapter on vector 
addition and subtraction; multiplication is left to a later chapter, in fact 
to a chapter which comes after some of the ideas have been used in getting 
the moment of a force. Statics and dynamics of a particle and of a set of 
particles are developed side by side. Then comes the idea of moments, 
followed by centers of gravity and hydrostatics. The authors have quite 
justly left to this late date the difficult idea of mass. After momentum and 
impact are taken up, come work and energy. The book closes with a little 
celestial mechanics and a few interesting historical notes. 

The book is not intended for use in a first course; on the other hand, no 
use is made of the calculus. The authors have gathered a large collection 
of problems, about a thousand, and many of them quite substantial enough 
to test the ingenuity of the best students. They are all gathered at the end, 
even the illustrative ones, arranged by chapters. Answers are furnished. 
Graphical methods are used a good deal, including Maxwell diagrams for 
the solution of truss problems. 


view; 


C. R. MacINNEs 
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Principles of Geometry. Vol. 111. Solid Geometry. By H. F. Baker. ‘The 
Cambridge Press, 1923. xix+288 pp. 


The first two volumes of this series on Foundations and Plane Geometry 
have not been reviewed in the BULLETIN.* The first deals with the under- 
lying ideas of projective geometry, the treatment deviating sharply from 
the traditional British method of heaping projective geometry on top of 
metric geometry. The second deals with conics, circles, and non-euclidean 
geometry; it might be described as a successful feat in showing what can 
be done with the incidence relations of the ‘‘ordered framework” of the 
first volume. The algebraic counterpart is available when necessary for 
testing results, and consideration is given to the logical basis of the al- 
gebraic symbols, but let us quote from the preface: “It (the volume) 
suggests the question whether, in the case of distance, as in many other 
cases, we may not have derived from familiarity with physical experiences, 
a confidence which a more careful scrutiny can only regard as an illusion. 

It will be of importance if the re:der come to see how deep lying 
are the questions involved in the use of coérdinates, and the assumption 
of distance as a fundamental idea.” 

With the third volume on Solid Geometry the author assumes that the 
reader appreciates his views on foundations, coordinates, and distance, 
and says no more of them; but the book, and particularly Chapter II, 
must be read in the light of these earlier considerations. Chapter I is on 
quadric surfaces; Chapter II on the relations of quadric surfaces to an 
arbitrary absolute conic; Chapter III on cubic curves in space; ChapterIV, 
which is on a somewhat different footing, is entitled: The general cubic 
surface, introductory theorems. 

In relatively few but concise pages various definitions of quadric surfaces 
and of cubic curves are given, and the essential properties and constructions 
are brought out. The algebraic representation is not suppressed, but the 
reader is never allowed to forget that he is studying geometry by synthetic 
methods. ‘The less essential relations and properties are included under 
the ‘‘examples,”’ nearly 200 in number, which occupy considerably more 
than half of the pages of the first three chapters. Some of these are left to 
the reader, but many of the more substantial type are solved in detail :— 
examples involving such topics as normals to a quadric, Moebius tetrads, 
geodesics on a quadric surface, and special cubic transformations. The 
fourth chapter is at once intimately related to the preceding chapters and 
introductory to the theory of cubic surfaces, which is promised us in a 
later volume. Here we find such topics as the double-six, the figure of 
27 lines, definitions of a cubic surface, the Hessian surface, representation 
of cubic surfaces on planes and on quadrics. It is to be hoped that 
when this scholarly series is complete, the content and purport of these 
books may be more critically examined. The author implies that the 
series is especially suited to the physicist and engineer. This is surely 


* Since this was written, vol. II has been reviewed by F. S. Woods, 
this BuLLETIN, July, 1925, p. 370. 
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striking statement. The preface states that the material of the third 

ime “may be regarded as essential to any student who professes to 
lave received a mathematical education.” We are inclined to take 
exception to this statement as regards chapter IV. We await the 
ippearance of the remainder of this series with much interest. 


B. H. Brown 


Théorie Mathématique de I’ Electricité, First Part. By Th. de Donder. 

Paris, Gauthier-Villars, 1925. 198 pp. 

The first part of Professor de Donder’s treatise is divided into three 
sections entitled respectively ‘‘The Electrostatic Field,”’ Stationary 
Magnetic Field,” and ‘“‘The Variable Electromagnetic Field.” The first 
section takes up the greater portion of the volume, while the third section 
is compressed into a short chapter on Maxwell’s equations. It is to be pre- 
sumed, however, that the second part, yet to be published, will contain 
some amplification of this important section. At the end of the volume 
are tables giving the dimensions of electrical and magnetic quantities in 
terms of « and yw, e and c, and w and ¢ and giving the relations between 
Gauss’s units, electrostatic units, electromagnetic units, and practical 
units. A table of contents is provided, but no index. Vector analysis is 
used freely, the cumbersome continental notation of parentheses, brackets, 
grad’s, div’s, and rot’s being preferred to Gibbs’ dots, crosses, and dels. 

The theory is developed from the basis of the experimental laws of 
Coulomb, Amp?re, and Faraday in the Maxwellian manner instead of 
from the point of view of the special relativity theory. While this method 
of treatment is perhaps desirable in an elementary exposition, it lacks the 
simplicity and unity which the subject acquires when developed from the 
point of view of the emission theory. Few applications to the solution of 
problems are made, no mention being made of the method of images, con- 
jugate functions, or spherical harmonics. 

A large share of the volume is devoted to a discussion of polarized media. 
Here Professor de Donder finds it convenient to distinguish between the 
electric force and the electric resultant. The former he defines as the 
negative of the gradient of the potential, and the latter as the limiting 
value of the mechanical force on a unit charge placed in a small cavity 
in the medium as the volume of the cavity approaches zero. The electric 
resultant so defined depends upon the shape of the cavity which must be 
specified in advance. His definition of electromotive force (page 13) as 
the line integral of the electric force seems rather unhappy, as in most 
applications to current circuits the electromotive force is the line integral 
of a quantity which cannot be expressed as the gradient of a scalar function 
of position in space. 

The book is written clearly and logically, and constitutes a notable 
addition to the literature on the subject. It should prove especially service- 
able to those who desire a working knowledge of Maxwell’s theory rather 
than a unified exposition from the point of view of modern ideas. In 
particular the detailed discussion of polarized media is to be commended. 

LeicH PAGE 


i 
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Boy's Own Arithmetic. By Raymond Weeks. Illustrations by Usabal. New 

York, E. P. Dutton & Co., 1924. xvi+188 pp. 

If Professor Weeks is to be criticised for writing this work, the criticism 
should first take the form of condemnation for cruelty to cataloguers. To 
decide under what category it is to be placed may well put any expert on 
the rack. Is it intended as a piece of belles lettres? Then it should rank 
among the gems of humorous writing of our generation. Ought it to have 
place among arithmetics? Then it should be kept from every boy who has 
lessons to study, for he will study nothing else until he has finished this. 
Is the work intended as a contribution to educational theory and practice? 
Then it should be starred as one of the best works on pedagogy of our time, 
—although the pedagogues will be compelled, as a matter of self-preserva- 
tion, to decline to admit this in public, much as they will enjoy its pleasant 
sting in private. Shall it be looked upon as a mathematical treatise, worthy 
of review in a periodical of scientific standing? Well, probably not; but it 
is safe to say that it will be read with delight, from cover to cover, by every 
mathematician who has the good fortune to keep it from his children long 
enough to do it. After he has finished laughing over the contents, if he 
ever does, it will probably dawn upon him that there is a moral to the tale, 
and that it refers to him. 

Davip EuGENE SMITH 


Scientific Papers. By S. B. McLaren. Cambridge, University Press, 1925. 
viii+112 pp. 

The scientific researches of the late Samuel Bruce McLaren extended 
into several branches of mathematical physics and it is very useful to have, 
in this volume, concise and well thought out presentations of his results by 
experts who have acted under the guidance of Sir Joseph Larmor. The book 
is not simply a collection of reprints of papers published in journals. In- 
stead, selections have been made from these papers and the most valuable 
parts have been carefully edited and completed with the aid of some un- 
published manuscripts. 

Section I, edited by Dr. J. W. Nicholson, is devoted to McLaren’s 
work on radiation and his theory of gravity, most of which was included in 
an Adams Prize Essay. This section shows considerable analytical power 
and originality. Section II, edited by Professor H. R. Hassé, deals with 
electromagnetism and, in particular, gives an account of a theory of the 
magneton which has proved inspiring to more than one writer. Section III, 
edited by Professor T. H. Havelock, is less revolutionary in its ideas but 
here some difficult analytical problems are skilfully solved and the work 
represents a useful contribution to the theory of the propagation of an 
arbitrary disturbance in a dispersive medium. The book also contains a 
fine appreciation of McLaren by Professor Hugh Walker, an obituary 
notice by Dr. Nicholson, and a handsome portrait. It is a graceful tribute 
to a man who heroically gave up his life that others might live. 

H. BATEMAN 
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NOTES 


The October, 1925, number of the AMERICAN JOURNAL OF MATHEMATICS 
(vol. 47, No. 4) contains the following papers: Third paper on tensor 
analysis, by G. Y. Rainich; On certain symmetric sums of determinants, by 
L. L. Dines; A direct solution of systems of linear differential equations 
having constant coefficients, by J. A. Nyswander; On generalizations of the 
Bernoullian functions and numbers, by E. T. Bell; The construction of 
certain periodic orbits of the three body problem, by H. E. Buchanan. 


The September, 1925, number of the ANNALS OF MATHEMATICs ((2), 
vol. 27, No. 1) contains: A contribution to the theory of finite differences, by 
J. Kaucky; On the asymptotic expressions of certain definite integrals, by 
J. A. Shohat; The frequency law of a function of variables with given fre- 
quency laws, by E. L. Dodd; The four term diophantine arccotangent relation, 
by A. A. Bennett; On Weyl’s treatment of the parallel displacement of a 
vector around an infinitesimal closed circuit in an affinely connected manifold. 
by T. Y. Thomas; Concerning the subsets of a plane continuous curve, by 
H. M. Gehman; On the oscillations of a line near a position of equilibrium, 
by F. H. Murray; Note on trinomial congruences and the first case of Fer- 
mat's last theorem, by H. S. Vandiver; Definite linear dependence, by L. L. 
Dines; Least distance from a point to a linear (n—k)-space, both in a linear 
n-space, by H. S. Uhler. 


The London Mathematical Society has begun publication of a second 
periodical, in addition to its PROCEEDINGS, to be called THE JOURNAL OF 
THE LonpON MATHEMATICAL SociETy. It will contain proceedings of 
meetings, abstracts, obituary notices, etc., besides short original articles. 


Friends of Professor Luigi Donati have published, through the firm of 
Zanichelli, a collection of his principal memoirs. The volume was presented 
to Professor Donati in July, 1925, in celebration of his fortieth anniversary 
as member of the faculty of the Bologna School of Engineering. 


A German translation of Professor L. E. Dickson’s Algebras and their 
Arithmetics will be published in Zurich in the series edited by Speiser and 
Fueter. 


On February 1, 1926, an organization meeting was held of the Trustees 
of the National Research Endowment, recently established by the National 
Academy of Sciences; Secretary Herbert Hoover was chairman. On this 
occasion a declaration was made public* reciting the purpose of this Endow- 
ment, which is to provide adequate funds for research in pure science in 
this country. Professor Oswald Veblen is a member of the Board of 
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Trustees. 
* Printed in full in Sc1eNcE, (2) ,vol. 63, p. 158. 
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A new edition of Professor Charlotte A. Scott’s Modern Ideas and 
Methods in Plane Analytical Geometry has been recentiy published by 
Stechert, of New York. 


At the Annual Meeting of the American Association for the Advance- 
ment of Science, Professor L. H. Bailey was elected president, Professor 
E. V. Huntington vice-president of Section A (mathematics), Professors 
M. I. Pupin and F. R. Moulton members of the Executive Committee, 
and Professor H. H. Mitchell member of the Committee of Section A. 
Professor R. C. Archibald is Secretary of Section A. 


At the Annual Meeting of the London Mathematical Society the 
following officers were elected: Professor A. L. Dixon, president; Pro- 
fessor S. Chapman, Mr. J. FE. Littlewood, and Mr. H. W. Richmond, vice- 
presidents; Dr. A. E. Western, treasurer; Professor H. Hilton, librarian; and 
G. H. Hardy and G. N. Watson, secretaries. 

Sir Ernest Rutherford has succeeded Sir Charles Sherrington as 
president of the Royal Society. 

Professor Paul Painlevé has been appointed to succeed Professor Henri 
Bergson as president of the Commission for Intellectual Cooperation. 

The Physico-Mathematical Society of Kazan held a celebration, on 
February 25, 1926, in honor of the anniversary of the discovery of non- 
euclidean geometry by Lobachevsky. On this occasion steps were taken 
to resume the awards of the Lobachevsky prize; details as to the competi- 
tion will be announced later. 

The Paris Academy of Sciences announces the award of the following 
prizes for 1925: the Francceur prize to Georges Valiron; the Montyon 
prize in mechanics to René Risser, for his Essai sur la théorie des ondes par 
émersion; the Poncelet prize in mechanics to Denis Eydoux, for his work in 
hydraulics; the Valz prize to V. Michkovitch, for his work in stellar 
statistics; the Montyon prize in statistics to Maurice Fréchet, for his 
work in the theory of probability, with honorable mention for Maurice 
Halbwachs, for his Le Calcul des Probabilités 4 la Portée de Tous (written in 
collaboration with Professor Fréchet); the Jeanbernat-Doria prize to 
Georges Bouligand, for his work in harmonic functions; the Petit d’Ormoy 
prize in mathematics to Jules Drach for his mathematical work; the 
Saintour prize to Arnaud Denjoy for his work on the calculus of primitive 
functions; the Lalande prize to George Fournier. The Bordin prize was not 
awarded, and the subject for 1925, Extension of the theory of analytic func- 
tions, was carried forward to 1926; the question announced for 1927 is To 
perfect, in some important aspect, the theory of the dynamics of non-holonomic 
systems. 

The Royal Academy of Belgium has awarded its prize for 1925, for an 
important contribution to infinitesimal geometry, to Professor W. C. 
Graustein, of Harvard University, for his memoir entitled Méthodes in- 
variantes dans la géométrie infinitésimale des surfaces. 

The Societa Italiana delle Scienze has awarded its gold medal to Pro- 
fessor Enrico Bompiani, for his mathematical work. 
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The Nobel prize in physics for 1924 has been awarded to Professor 
K. M. G. Siegbahn, of the University of Upsala, for his work in spectrum 
analysis. 

The Royal Astronomical Society has awarded its gold medal to Pro- 
fessor Albert Einstein. 

The Royal Society has awarded its Copley medal to Professor Albert 
Einstein, for his theory of relativity and his contributions to the quantum 
theory, and its Sylvester medal to Professor A. N. Whitehead, for his 
researches on the foundations of mathematics. 

The third annual prize of the American Association for the Advance- 
ment of Science has been awarded to Professor D. C. Miller, of the Case 
School of Applied Science, for his address on The Michelson- Morley ether 
drift experiment, its history and significance, this being the presidential 
address of the American Physical Society, presented at a joint session of 
that Society with the Association at the Kansas City meeting. 

Professor Adrien Pouliot, of Laval University, has received from the 
Government of the Province of Quebec a prize of $3600, to be used for 
mathematical study in Europe. 

On December 11, 1925, a celebration was held at the University of 
Leyden in honor of the fiftieth anniversary of the doctorate of Professor 
H. A. Lorentz. On this occasion a fund was established, to be called the 
Lorentz fund for the advancement of theoretical physics. 

On April 24, 1926, the Berlin Mathematical Society will hold a celebra- 
tion in memory of Felix Klein. 

Professor F. Enriques has been elected a member of the Accademia dei 
Lincei. 

The University of Paris has conferred honorary doctorates on Sir 
Ernest Rutherford and Professor Charles de la Vallée Poussin. 

Professor L. E. Dickson has been elected an honorary member of the 
Union of Mathematicians and Physicists of Czecho-Slovakia. 

Professor R. A. Millikan has been elected correspondent of the Paris 
Academy of Sciences, in the section of physics. 

Hampden Sidney College has conferred an honorary doctorate on 
Professor J. E. Williams, of the department of mathematics of the Virginia 
Polytechnic Institute. 

The following appointments to Guggenheim Fellowships* are an- 
nounced: Professor E. P. Lane, of the University of Chicago, for a com- 
parison of American and Italian methods in projective differential geom- 
etry; Professor E. B. Stouffer, of the University of Kansas, for research 
in projective differential geometry; Professor Norbert Wiener, of the 
Massachusetts Institute of Technology, for the study of certain topics 
forming extensions of the theories of Fourier series and Fourier integrals. 

Professor Karl Fromme, of the department of theoretical physics and 
geodesy at the University of Giessen, has retired. 


* See this BULLETIN, vol. 31, p. 471. 
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Associate Professor G. Jaffe, of the University of Leipzig, has been 
appointed professor of mathematics at the University of Giessen. 

Associate Professor Karl Kommerell, of the University of Tiibingen, has 
been promoted to a full professorship of mathematics. 

Professor R. von Lilienthal, of the University of Miinster, has retired 
from active service. 

Dr. G. Wiarda, of the Dresden Technical School, has been promoted to 
an associate professorship. 

Professor R. Birkeland, of the Technical School at Drontheim, has been 
appointed to a professorship at the University of Oslo. He is succeeded at 
Drontheim by Professor Viggo Brun. 

Dr. Guillaume Bigourdan, of the Paris Observatory, has retired, with 
the title ‘honorary astronomer.” 

Professor D. Eydoux, of the Ecole des Ponts et Chaussées, has been 
appointed director of the Ecole Polytechnique. 

Dr: R. Thiry, of the University of Strassbourg, has been promoted to a 
professorship of mathematics. 

Dr. A. C. Aitken and Mr. S. W. P. Steen have been appointed lecturers 
in mathematics at the University of Edinburgh. 

Messrs. E. G. Dymond and T. G. Room have been elected fellows in 
mathematics at St. John’s College, Cambridge. 

Mr. F. G. G. A. Marraine has been appointed assistant lecturer in 
mathematics at the University of Manchester. 

The following 27 doctorates with mathematics or mathematical 
physics as major subject were conferred by American universities during 
1925; the university, month in which the degree was conferred, minor 
subject (other than mathematics), and title of dissertation are given in each 
case, if available. 

Ethel L. Anderton, Yale, June, Bioche curve pairs. 

Clifford Bell, California, December, chemistry, The triangles in- and 
circumscribed to the quartic curves of deficiency zero. 

T. L. Bennett, Illinois, July (date of examination), physics, Mapping by 
means of linear systems of curves invariant under Cremona involutions. 

H. W. Brinkmann, Harvard, February, Contributions to the theory of 
Riemann spaces. 

P. A. Caris, Philadelphia, June, A solution of the quadratic congruence, 
modulo p, p=8n—1, n odd. 

M. G. Carman, Illinois, May (date of examination), theoretical physics 
and theoretical and applied mechanics, Expansion problems in connection 
with homogeneous linear q-difference equations. 

E. F. Cox, Cornell, September, physics, The polynomial solutions of the 
difference equation af(x+-1) +bf(x) = ¢(x). 

H. M. Gehman, Pennsylvania, February, Concerning the sub-sets of 
a plane continuous curve. 

V. G. Grove, Chicago, September, A theory of a general net on a surface. 

R. W. Hartley, Pennsylvania, June, Determination of the ternary colli- 
neation groups whose coefficients lie in the GF(2*). 
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D. L. Holl, Chicago, September, Viscous fluid motion in eccentric cylin- 


Hurst, Hlinois, August (date of examination), physics and astro- 
e classification of ternary algebras. 
umuel Jacobson, Yale, June, mathematical physics, Temperature 
ion and thermal equilibrium. 
Anna M. M. Lehr, Bryn Mawr, June, physics, The plane quintic with 
five cusps. 
R. G. Lubben, Texas, June, philosophy, The double-elliptic case of the 
Lie-Riemann-Helmholtz-Hilbert problem of the foundations of geometry. 
A. J. Maria, Rice Institute, June, Functions of plurisegments. 
R. M. Mathews, Illinois, April (date of examination), physics, Cubic 
curves and desmtic surfaces. 
L. T. Moore, Johns Hopkins, June, zoology, Determination of the type 
of a tricrunodal quartic from its invariants. 
F.S. Nowlan, Chicago, September, Arithmetics of rational division alge- 
bras of order nine. 
Echo D. Pepper, Chicago, September, Theory of algebras over a quast- 
field. 
P. G. Robinson, Chicago, June, Surfaces with constant absolute invariants. 
Meyer Salkover, Yale, June, mathematical physics, Bateman’s extended 
electrodynamics and the mass of an electron. 
H. A. Simmons, Chicago, June, The first and second variations of a double 
integral for the case of variable limits, 
Marcus Skarstedt, California, May, physics, The normal quartic curve 
of four-space. 
V. A. Tam, Chicago, June, Projective properties of the Moutard quadric. 
Takashi Terami, California, December, physics, The solution of the 
differential equation of a vibrating membrane by successive approximations. 
L. E. Ward, Harvard, June, Third order boundary value problems and the 
allied expansions. 
The following doctorate with education as major and mathematics as 
minor subject was conferred: 
Lao G. Simons, Columbia, February, Introduction of algebra into 
American schools in the eighteenth century. 
The following graduate courses in mathematics are announced for the 
summer of 1926: 
UNIVERSITY OF CHICAGO, first term, June 21 to July 28; second term, July 
29 to September 3.—By Professor L. E. Dickson: Galois theory of equa- 
tions; Division algebras; Thesis work in algebra and the theory of numbers. 
-By Professor H. E. Slaught: Differential equations; Elliptic integrals.— 
By Professor E. T. Bell: Mathematical theory of relativity; Applications of 
elliptic functions to the theory of numbers; Reading and research in algebra 
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and the theory of numbers.—By Professor Dunham Jackson: The theory 
of approximation by polynomials and trigonometric series; The mathema- 
tical theory of statistical correlation; Reading and research in analysis.— 
By Professor A. C. Lunn: Development of optical theories; Vector analysis; 
Reading and research in applied mathematics.—By Professor W. D. 
MacMillan: Analytic mechanics (dynamics); Theory of the potential.— 
By Professor E. P. Lane: Synthetic projective geometry; Surfaces and 
congruences; Reading and research in geometry.—By Mr. R. W. Barnard: 
Theory of functions of a complex variable.—By Professor W. L. G. Williams: 
Theory of equations.—By Professor H. L. Smith: Solid analytic geometry. 


Co_umBiA University, July 6 to August 13.—By Professor E. R. 
Hedrick: Theory of functions of a complex variable; Fundamental concepts 
of mathematics.—By Professor W. B. Fite: Differential geometry.—By 
Professor G. A. Pfeiffer: Calculus of variations.—By Professor K. W. 
Lamson: Differential equations. 


CoRNELL University, July 5 to August 13.—By Professor D. C. 
Gillespie: Analysis.—By Professor Virgil Snyder: Algebraic geometry.— 
By Professor W. B. Carver: Projective geometry.—The following 
reading and research courses are also offered: By Professor C. F. Craig 
Functions of a complex variable——By Professor Snyder: Algebraic 
curves and surfaces.—By Professor F. R. Sharpe: Hydrodynamics and 
elasticity.—By Professors D. C. Gillespie and W. A. Hurwitz: Analysis.— 
By Professors W. B. Carver and F. W. Owens: Projective geometry. 


UNIVERSITY OF ILLINOIS, June 21 to August 14.—By Professor G. A. 
Miller: The theory of numbers.—By Professor A. B. Coble: Algebraic 
geometry.—By Professor A. R. Crathorne: Functions of a complex 
variable; and Mathematics of statistics —-By Dr. C. C. Camp: Differential 
equations.—By Dr. H. R. Brahana, Advanced algebra.—By Dr. T. 
Bennett: Advanced analytic geometry. 


University or Towa, first term, June 14 to July 23.—By Professor 
C. C. Wylie: Astronomy; Mathematics of finance.—By Professor W. H. 
Wilson: Subject matter and teaching of mathematics.—By Professor 
R. P. Baker: Ordinary differential equations; Advanced algebra.—By 
Professor E. W. Chittenden: Advanced calculus; Abstract sets.—Second 
term, July 26 to August 27.—By Professor Roscoe Woods: Constructive 
geometry.—By Professor J. F. Reilly: Differential equations; Fourier and 
periodogram analysis. 


Jouns Hopkins University, June 28 to August 6.—By Professor 
F. D. Murnaghan: Differential geometry, metric and non-metric, and 
vector analysis. 


University OF MicHicAn, June 21 to August 14—By Professor W. 
B. Ford: Advanced calculus; Determinants and the theory of equations. 
—By Professor L. C. Karpinski: Teaching of algebra; History of mathe- 
matics,—By Professor J. W, Bradshaw: The figures of solid geometry.— 
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By Professor Peter Field: Vector analysis.—By Professor T. R. Running: 
Graphical methods.—By Professor H. C. Carver: Theory of probability; 
Finite differences; Advanced mathematical theory of statistics —By Pro- 
fessor C. J. Coe: Differential equations.—By Professor L. A. Hopkins: 
Differential equations.—By Professor J. A. Shohat: Analytic mechanics; 
Theory of the potentialBy Mr. M. F. Johnson: Solid analytic geo- 


metry. 


UNIVERSITY OF MINNESOTA, first term, June 18 to July 31; second 
term, August 2 to September 4.-The department of mathematics will 
offer an intensive course entitled: Selected topics in advanced mathe- 
matics. The topics for 1926 are: First term: By Professor R. W. Brink: 
The mathematics of small vibrations.—By Professor W. L. Hart: Limits 
and series.—By Professor A. L. Underhill: Differential equations.— 
Second term: By Professor A. L. Underhill (topic to be announced later). 


Onto State University, first term, June 16 to July 24; second term, 
July 26 to August 28.—By Professor H. Blumberg: Point sets; Introduction 
to modern mathematics; Reading and research in analysis.—By Professor 
C. L. Arnold: Advanced calculus; Advanced euclidean geometry; Seminary 
in mathematics.—By Professor R. L. Wilder: Differential equations; 
Fourier’s series; Reading and research in analysis situs. 


UNIVERSITY OF PENNSYLVANIA, July 6 to August 14.—By Professor 
J. D. Eshleman: Elementary statistics—By Professor G. H. Hallett: 
Advanced calculus.—By Professor O. E. Glenn: Theory of invariants. 


STANForD University.—By Dr. Kelley: Differential equations.— 
By Dr. Harold Hotelling: Theory of functions of a complex variable.—By 
Professors H. F. Blichfeldt and W. A. Manning: Theory of groups; Calculus 


of variations. 


UNIVERSITY OF TEXAS.—First term: By Dean H. Y. Benedict: Ad- 
vanced calculus.—By Professor E. L. Dodd: Functions of real variables; 
Probability. —By Professor R. L. Moore: Theory of sets; Non-euclidean 
geometry.—By Professor H. J. Ettlinger: Boundary value problems; 
Ruler and compass constructions.—By Professor H. S. Vandiver: Modern 
analytic geometry.—By Professor L. L. Smail: Infinite processes.—By 
Professor C. D. Rice: Advanced calculus.—By Professor P. M. Batchelder: 
Theory of equations~—By Professor Mary Decherd: Solid analytic 
geometry.——Second term: By Professor H. J. Ettlinger: Boundary value 
problems; Definite integrals.—By Professor C. D. Rice: Differential 
geometry; Advanced calculus.—By Professor E. W. Chittenden (Iowa) 
Theory of sets; Professor Chittenden’s second course is not yet deter- 
mined. 


UNIVERSITY OF WISCONSIN, June 28 to August 6.—By Professor E. B. 
Skinner: Theory of algebraic numbers; Irrational numbers.—Professor 
A. Dresden: Analytic projective geometry; Elliptic functions.—Professor 
H.W. March: Theory of probability; Fourier series and integrals.—Mr. E. 
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B. Miller; Differential equations. Dr. E. F. Allen: Theory of equations. 
Mathematical reading and research will be directed by Professors Dresden, 
March, and Skinner. 


At the Massachusetts Institute of Technology, Professor Max Born, of 
Géttingen, delivered a course of lectures on The lattice theory of rigid bodies 
and The structure of the atom, from November 16, 1925, to January 23, 1926. 
During the spring term of 1926; Professor T. de Donder, of Brussels, will 
lecture on The theory of relativity and The mathematical theory of electricity. 


Princeton University has received a gift of $200,000 from Thomas D. 
Jones, of Chicago, to endow a chair in the department of mathematics to be 
called the Henry Burchard Fine professorship, in honor of Professor 
Fine, dean of the department of science. Professor Oswald Veblen has been 
appointed as the first incumbent of this professorship. 


At Bowdoin College, Assistant Professor E. S. Hammond has been 
promoted to a full professorship of mathematics. Mr. C. T. Holmes has 
been appointed to an assistant professorship. 


At Brown University, Professor R. G. D. Richardson, head of the 
department of mathematics, has been appointed dean of the graduate 
department, as successor to Professor Carl Barus; Assistant Professors 
W. R. Burwell and H. M. Morse have resigned, the latter to accept an 
appointment at Harvard University; and Assistant Professors M. H. Ingra- 
ham, of the University of Wisconsin, and R. E. Langer, of Dartmouth 
College, have been appointed to assistant professorships. Professor R. C. 
Archibald has been granted leave of absence for the second semester of 
1925-26. 


At Columbia University, Professor Jules Drach, of the chair of analysis 
applied to geometry at the University of Paris, has been appointed visiting 
professor for the academic year 1926-27; Professor Drach will lecture in 
English. Professor F. N. Cole will retire from active service in October, 
1926. 


At the University of Georgia, Professor C. M. Snelling, dean and 
professor of mathematics, has been elected acting chancellor, and Professor 
R. P. Stephens has been elected acting dean. Mr. Forrest Cumming has 
been promoted to an adjunct professorship of mathematics. 


At Harvard University, Professor G. D. Birkhoff has been given the 
additional title of Cabot Fellow, and will be relieved of part of his teaching 
so that he may devote more time to research. Assistant Professor H. M. 
Morse, of Brown University, has been appointed to an assistant professor- 
ship. 

At the Mississippi Agricultural and Mechanical College, Professor 
B. M. Walker, head of the department of mathematics, has been elected 
president of the college. He is succeeded as head of the department of 
mathematics by Associate Professor H. Fox, promoted to a full professor- 
ship. Mr. C. R. Stark has been appointed to an associate professorship. 
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Professor S. W. Reaves has been 
\rts and Sciences. Associate Professor 


» a full professorship of mathematics. 


. Green has been made head of a 


epartment of mathematics formed by the combination of the mathe- 


matics department and part of the department of applied mathematics; 
some of the members of the department of applied mathematics have been 
transferred to the new School of Engii er ring. 

At the Texas Technological College, Mr. D. A. Flanders, of the Uni- 
versity of Pennsylvania, has been appointed professor of mathematics; 
Dr. L. D. Ames, formerly of the University of Missouri, and Mr. W. M. 
Whyburn, of the Texas Agricultural and Mechanical College, have been 
appointed associate professors, and Miss Elizabeth T. Stafford, the Uni- 
versity of Texas, has been appointed adjunct professor. 

Mr. L. C. Bagby has been appointed assistant professor of mathematics 
at the University of South Dakota. 

_ Professor Ethelwynn R. Beckwith, of the College for Women of — 
Western Reserve University, has been appointed head of the department 
of mathematics at Milwaukee-Downer College. 

Associate Professor J. W. Campbell has been promoted to a full pro- 
fessorship of mathematics at the University of Alberta. 

Mr. R. L. Flanders, of Norwich University, has been appointed assis- 
tant professor of civil engineering at the Oklahoma Agricultural and 
Mechanical College. 

Dr. M. C. Foster, of Yale University, has been appointed assistant 
professor of mathematics at Williams College. 

Assistant Professor P. H. Linehan, of the College of the City of New 
York, has been promoted to an associate professorship of mathematics. 

Mr. A. B. Lewis, of the University of Mississippi, has been promoted to 
in assistant professorship of mathematics. 

At the University of Chicago, Professor A. A. Michelson has resigned 
as executive head of the physics department; he is succeeded by Professor 
H. G. Gale. 

Professor C. N. . ‘Us, of the Northern Normal and Industrial School, 
Aberdeen, South Dako’a, has been appointed head of the department of 
mathematics at the Illinois State Normal University. 


Mr. F. A. Parisi has been appointed to an assistant professorship of 
mathematics at the College of St. Teresa. 

Mr. D. H. Richert, of Bethel College, has been promoted to a full pro- 
fessorship of mathematics. 


Miss Jeannette Ryno has been appointed to an assistant professorship 
of mathematics at Lander College. 
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Dr. L. L. Smail has been appointed associate professor of mathematics 
at the University of Texas (not assistant professor, as was erroneously 
announced in the November-December number of this BULLETIN). 

Associate Professor Helen Tappan, of Iowa State College, has been 
appointed head of the department of mathematics at Western College for 
Women. 

Professor H. W. Taylor, of Emporia College, has been appointed pro- 
fessor of mathematics at Southwestern College. 

Dr. J. H. Taylor, of Princeton University, has been appointed assistant 
professor of mathematics at Lehigh University. 

Dr. Frederick Wood has been appointed professor of mathematics at 
Georgia Wesleyan College, as successor to Professor J. C. Hinton, retired. 

The following appointments to instructorships are announced: 
Atlanta University, Mr. Clement Sutton; 

Beloit College, Mr. L. Cothern; 

Bowdoin College, Mr. Roy Hale; 

Brown University, Mr. J. H. Simester and Mr. H. S. Thurston. 

Case School of Applied Science, Mr. P. D. Wilkins; 

College of the City of Detroit, Mr. William Borgman and Miss Lucile 

Chalmers; 

University of Georgia, Mr. E. M. Everett; 

Georgia Wesleyan College, Miss Ruth Leonard; 

Goucher College, Dr. Marian M. Torrey; 

University of Illinois, Dr. R. M. Mathews; 

University of-Iowa, Dr. L. E. Ward; 

Kansas State Agricultural College, Mr. R. C. Staley; 

University of Kansas, Mr. H. K. Hughes; 

University of Kentucky, Mr. D. O. Streyffeler; 

Mississippi Agricultural and Mechanical College, Mr. A. Edmondson; 
Northwestern University, Mr. O. E. Brown; 

University of Oklahoma, Mr. J. C. Brixey, Dr. Elsie J. McFarland, and 

Mr. S. B. Townes; 

Otterbein College, Mr. H. E. Menke; 
University of Pennsylvania, Mr. W. A. Bristol, Mr. H. M. Lufkin, Mr. 

N. E. Rutt; 

Regina College, Regina, Canada, Mr. W. H. McEwen; 
South Dakota State College, Mr. G. D. Gore; 

Toledo University, Mr. J. B. Winslow; 

Union College, Mr. E. W. Powell; 

State College of Washington, Miss Alice A. Grant; 
Western College for Women, Miss Ruth Dewey; 
Wheaton College, Miss Kathleen Sears. 

University of Wisconsin, Mr. E. L. Mickelson. 

Professor Gerhard Hessenberg died November 16, 1925, at the age of 
fifty-one. 

Dr. Walter Kretschmer died September 22, 1925, at the age of twenty- 
eight. 
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The death is announced of Professor Hans von Mangoldt, of the 
Danzig Technical School. 

Professor H. H. Hildebrandsson, formerly director of the Meteoro- 
logical Institute of Upsala, died July 29, 1925, at the age of eight-seven. 

Dr. Moritz Rethy, professor emeritus of mathematics at the Budapest 
Technical School, has died, at the age of seventy-nine. 

Professor Carl Zsigmondy, of the Vienna Technical School, has died, 
at the age of fifty-eight. 

Professor A. A. Friedmann, director of the Geophysical Observatory of 
Leningrad, died September 16, 1925, at the age of thirty-seven. 

Dr. Enrico de Amicis, president of the Technical School at Chiavari, 
died June 22, 1925, at the age of sixty-seven. 

Professor Teofilo Rietti, of the Liceo Scientifico at Cremona, died 
December 7, 1925, at the age of forty. 

The death is announced of Professor J. Fairon, of the University of 
Liége. 

Professor E. H. Barton, of the department of physics at University 
College, Nottingham, died September 23, 1925, at the age of sixty-six. 

Professor Andrew Gray, retired, of the University of Glasgow, died in 
1925 at the age of seventy-eight. 

Charles Tweedie, formerly lecturer in mathematics at the University of 
Edinburgh, died in September, 1925, at the age of fifty-seven. 

Mr. William Welsh, fellow of Jesus College, Cambridge, died September 
12, 1925, at the age of sixty-six. 

Mr. G. P. Aldrich, of the State University of Iowa, died recently. 
Mr. Aldrich entered the American Mathematical Society in 1925. 

Mr. W. E. Heal, computer in the division of tides and currents of the 
United States Coast and Geodetic Survey, died October 9, 1925, at the 
age of sixty-nine. Mr. Heal had been a member of the American Mathe- 
matical Society since 1919. 

Dr. W. H. Maltbie, attorney at law of Baltimore, died January 23, 
1926. Dr. Maltbie had been a member of the American Mathematical 
Society since 1897. 

Dr. H. W. Nichols, chief engineer in charge of radio research work for 
the Bell Telephone Laboratories, died November 16, 1925, at the age of 
thirty-nine. Dr. Nichols had been a member of the American Mathematical 
Society since 1918. 

Professor M. T. Peed, of Emory University, died August 28, 1925. 
Professor Peed had been a member of the American Mathematical Society 
since 1908. 

Professor John Phillips, of Kansas University, died May 25, 1925. 
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